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Abstract: In this article we prove the existence and approximations of solutions of AMDE of first order ordinary 

nonlinear hybrid differential equations. 

  We relay our results on Dhage iterations principle or method embodied in a recent hybrid fixed point 

theorem of Dhage [B.C. Dhage, on some nonlinear alternatives of Leray-Schauder type and functional integral 

equations, Arch. Math. (Brno) 42 (2006) 11-23] under the mixed generalized Lipschitz and Caratheodory 

Conditions. 

 The existence and approximations of solutions is also proved under certain monotonicity conditions and 

using a hybrid fixed point theorem of Dhage given in the above mentioned reference on ordered Banach spaces. 
Keywords: Abstract measure differential equation, hybrid fixed point theory, approximate       

Solution. 

1. Preliminaries:  

 Let X denotes a Banach space with an order relation   and the norm . .  It is known that X is regular 

if  nx  is a non decreasing (respectively non increasing) sequence in X such that 
*xxn   as n , then 

*xxn  (respectively )*xxn  for all Nn  . The conditions guaranteeing the regularity of X may be found in 

Heikkila and Lakshikantham [16] and the references there in we need the following definitions in the sequel. 

Definition 1.1: A mapping XXT :  is called isotone or monotone non decreasing if it preserves the order relation 

, that is, if yx  implies yx TT   for all Xyx , . similarly, T is called monotone nonincreasing if yx  imlies 

yx TT   for all Xyx , . Finaly, T is called monotone or simply monotone if it is either monotone nondecreasing or 

monotone nonincreasing on X . 

 An operator T on a Banach space X into itself is called compact if  XT is a relatively compact subset of 

X , T is called totally bounded if for any bounded subset S of X ,  ST  is a relatively compact subset of X . If T

is continuous and totally bounded, then it is called completely continuous on X . 

Definition 1.2: A mapping XXT : is called partially continuous at a point Xa  if for 0 there exist a 0

such that  ax TT , whenever x is comparable to a  and  ax , T is called partially continuous on X  if 

it partially continuous at every point of it. It is clear that if T is partially continuous on X then it is continuous on 

every chain  C  contained in X . 

Definition 1.3: An operator T on a partially Banach space X into itself is called partially bounded if  CT  is 

bounded for every chain C in X . T  is called uniformly partially bounded if all chains  CT  in X are bounded by 

a unique constant. T is called partially compact if  CT  is a relatively compact subset of  X  for all totally ordered 

sets or chains C in X . T is called partially totally bounded if for any totally ordered and bounded subset C  of X , 

 CT  is a relatively compact subset of X . If T is partially continuous and partially totally bounded, then it is called 

partially completely continuous on X . 

Remark  1.1: Note that every compact mapping on a partially Banach space is partially compact and every partially 
compact mapping is partially totally bounded, however the reverse implications donot hold, again, every completely 

continuous mapping is partially completely continuous and every partially completely continuous and partially 

totally bounded, but the converse may not be true. 
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Definition 1.4: The order relation   and the metric d  on a non-empty set X are said to be compatible if  nx  is a 

monotone ; that is , monotone  nondecreasing or monotone nonincreasing sequence in X and if a subsequence 

 nkx  of  nx  converges to *x  implies that the whole sequence  nx  converges to *x  , similarly, given a 

partially Banach  .,, X , the order relation   and the norm .  are said to be  compatible  if   and the 

metric d  defined through the norm .  are compatible. 

  Clearly, the set IR of real numbers with usual order relation   and the norm defined by the absolute value 

function has this property, similarly, the finite dimensional Euclidean space nIR  with usual component wise order 
relation and the standard norm possesses the compatibility property. 

Definition 1.5: A mapping XXT : is called ID - Lipschitz if there exists a continuous and nondecreasing 

function   IRIR:  such that  

                                                   yxTT yx                                                                     (1.1) 

For all Xyx , , where   00  . In particular if   ,0,   rr  T is called a Lipschitz constant  . 

Further if 1 , then T is called a contraction on X with the contraction constant  . 

 Let X be Banach space and let TXXT ,:  is called compact if  XT  is a compact subset of X . T is 

called totally bounded if for any bounded subset X .  ST  is a totally bounded subset of X .  ST  is a totally 

bounded subset of X . T is called completely continuous if T is continuous and totally bounded on .X  Every 

compact operator is totally bounded, but the converse may not be true, however, two notions are equivalent on 

bounded subsets of X , The details of different types of nonlinear contraction, compact and completely continuous 

operators appear in Granas and Dugundji  [15].   

 The Dhage iteration principle or method ( in short DIP or DIM) developed in Dhage [11,12,13,14] may be 

formulated as “ monotone convergence of the sequence of successive approximations to the solutions of a nonlinear 

equation beginning with a lower or an upper solution of the equation as its initial or first approximation” and which 

is powerful tool. In the existence theory of nonlinear analysis. It is clear that Dhage iteration method is different 

from the usual Picard’s successive iteration method and embodied in the following application hybrid fixed point 

theorems proved in Dhage [13] which forms a useful key tool for our work contained in this paper. A few other 

hybrid fixed point theorem involving the Dhage iteration method may be found in Dhage [11.12,13,14]. 

2. Statement of the problem. 

Let X be a real Banach algebra with a convenient norm . . Let Xyx ,  then the line segment yx  in X is 

defined  by 

                                                       10,|  rryrxzxzxy                                            (2.1) 

Let Xx 0  be a fixed point and Xz then for any zxx 0 , we define the sets Sx  and xS  in X by  

                                                         1|  rrxSx                                                               (2.2) 

 and   

                                                         1|  rrxxS                                                              (2.3)                                            

 

Let xyxx 21,  be arbitrary . we say 21 xx   if 21 SxSx   or equivalently, 2010 zxxx  ,  In this case we also write 

12 xx  . 

 Let M denote the  algebra of all subsets of X such that  MX ,  is a measurable space. Let  MXca ,  

be the space of all vector measures (real signed measures) and define norm .  on  MXca , by  

                                                            )(Xpp                                                                      (2.4)  

Where p is a total variation measure of p and is given by 

                                              ,,sup)(
1

XEEpXp i
i

i  



                                        (2.5) 

Where the supremum is taken over all possible partitions  NiEi : of X . it is known that  MXca , is a Banach 

space with respect to the norm .  given by (2.4) 
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 Let  be a   finite positive measure on X , and let  MXcap , . We say p is absolutely continuous 

with respect to the measure  if   0E implies   0Ep for some .ME in this case we also write .p . 

 Let Xx 0 be fixed and Let 0M  denote the  -algebra on .0xS , Let Xz  be such that 0xz   and zM  

denote the   algebra of all containing 0M  and the sets of the form xS , zxx 0 . 

 Consider the abstract measure differential equation (AMDE) of second of the form 

                                                                                                                                                                                                                                                                                                                                                                                                                                                                       

       

   
















0

0

,

..,,

MEEqEp

zxoneaSgxgSpxf
d

dp
xx 


                                                (2.6) 

                                                  

Where q is a given known vector measure, 
d

dp
 is a Radon-Nikodym  derivative of p with respect to  , 

IRIRSgf z :, and   xSpxf ,  and   xSpxg ,  is  integrable for each  zz MScap , . 

                                                            

 

 

                                                  3. MAIN RESULTS 

  

Theorem 3.1 : Let  .,, X  be a Banach space such that the order relation   and the norm . are compatible 

in X . Let XXBA :,  be two nondecreasing operators such that 

 a  A is partially bounded and partially nonlinear ID contraction. 

)(b  B is partially continuous and partially compact, and  

 c  there exists an element Xx 0 such that oo BxAxxorBxAxx  0000 . 

Then the operator equation xBxAx   has a solution Xinx*
and the sequence  nx  of successive iterations 

defined by 1nx ,.....1,0,  nBxAx nn converges monotonically to *x . 

Remarks 3.1: The conclusion of the theorem 3.1 also remains true if we replace the compatibility of X with respect 

to the order relation   and the norm .  by a weaker condition of the compatibility of every compact chain C in X

with respect to the order relation   and the norm . . The later condition holds in particular if every partially 

compact subset of X possesses the compatibility property. 

The equivalent integral formulation AMDE (2.6) is considered in the function space  zz MSca , of continuous real 

valued function defined in zx0 . we define a norm . and the order relation ''  

in  zz MSca ,  by  

                                                          txSupx
zxt 0

                                                                 (3.1)          

                                                           tytxyx                                                              (3.2) 

For all zxt 0 . Cleary   zz MSca ,  in a Banach space with respect to above supremum norm and also partially 

ordered with respect to the above partially order relation   . it is known that the partially ordered Banach space 

 zz MSca ,  has some nice properties with respect to the above order relation in it. The following lemma follows by 

an application of Arzela-Ascoli theorem. 

Lemma 3.1: Let   .,,, zz MSca  be a partially ordered Banach Space with the norm . and the order 

relation   defined by (3.1) and (3.2) respectively, then .  and   are comparable in every partially compact subset 

of  zz MSca , . 
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Proof: Let S be a partially compact subset of  zz MSca ,  and let  nx be a monotone nondecreasing sequence of a 

points in S , Then we have 

                                       txtxtx n21 for each  ZMt  

Suppose that a subsequence  nkx   of  nx  is convergent and converges to a point x  in S , then the subsequence

  txnk  of the monotone real sequence   txn  is convergent By monotone characterization the whole sequence

  txn  is convergent and converges to a point  tx  in zM  for each  zMt  . This show that  the sequence 

  txn  converges to  tx  pointwise  in S . To show the convergence is uniform,  it is enough to show that the 

sequence is equicontinous , since S   is partially compact every chain or totally ordered set and consequently  nx  is 

an equicontinuous sequence by Arzela-Ascoli theorem, Hence nx  is convergent and converges uniformly to x , as 

a result  .  and   are compatible in S . This completes the proof. 

Definition 3.1: A function  zz MScap ,  is said to be a lower solution of the AMDE (2.6) if it satisfies  

                                   

     

   
















0,

,,

MEEqEp

SpxgSpxf
d

dp
xx


                                             (3.3) 

Where q  is a given known vector measure, similarly, an upper solution  zz MScav ,  for AMDE( 2.6) is defined 

on zx0 . 

Definition 3.2: A function IRIRSz : is called Caratheodory if  

 I   yxx ,  is  - measurable for each IRy , and 

)(II  yxy ,  is continuous almost everywhere    on zx0   

 Further a Caratheodory function  yx , is called 1
L - Caratheodory if 

)(III for each real number or  there exists a function  IRSLh zr ,1
  such that  

                                         zxxeaxhyx r 0,..,     for all IRy  with ry  . 

We consider the following set of assumptions 

 1A There exist a  integrable function 
 IRS z:  and 0 with   such that 

                    yxyytfxxtf   ,,0  for all zxt 0  and yxIRyx  ,, . 

 1B  There exists a constant  02 K such that   2, Kxtg   for all zxt 0  and IRx . 

 2B  xtg ,  is nondecreasing in x  for all zxt 0  

 3B  The AMDE (2.6) has a lower solution  zz MScau ,   

Consider the boundary value problem 

                                                                         

                               

       

   
















EqEp

SpxgSpxfp
d

dp
xx ,,

~



                                   (3.4) 

                                              

For  all zxx 0 , where q  is a given known vector measure, 
d

dp
 is a Radon-Nikodym derivative of p  with respect 

to  . IRIRSgf z :,
~

,   xSpxf ,  and   xSpxg ,  is  integrable for each  zz MScap , and 

      xSpxfSpxf xx  ,,
~

                                                            (3.5) 
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Remark 3.2: A function  zz MScau ,  is a solution of the AMDE (3.4) iff it is a solution of the AMDE defined 

on zx0 . 

Consider the following assumptions 

 2A  There exists a constant 01 k  such that    1,
~

kSpxf x   for all zxx 0  and IRx . 

The following useful lemma may be found in Torres [17] 

Lemma 3.2: For any   IRSLh z,
1
  and   IRSL z ,1

 , x  is a solution to the differential equation  

                          

       

   
















EqEP

zxoneaph
d

dp
0.. 


                                     (3.6)            

 

If and only if it is a solution of the integral equation  

                                                    dSSpxGp xx

E

h , ,                                                        (3.7) 

Where,   xh SpxG ,  is a Green’s function associated with the homogeneous boundary value problem. 

                      

     

  














EqEp

zxoneaph
d

dp
o

)(

..0 


                                     (3.8) 

Notice that the Green’s function hG  is continuous an nonnegative on zx0  and therefore, the number 

                                               zxSpxSpxGM xxhh 0,:,max:   

exists for all   IRSLh z ,1
 . 

As an application of lemma (3.2) we obtain the following result. 

Lemma 3.3: Suppose that hypotheses  2A  and  1B  hold, then a function  zz MScau ,  is a solution of the 

AMDE (3.4) iff it is a solution of the nonlinear integral equation  

                                     dSpxgxtGdSpxfxtGEp

E

xx

E

  ,,,
~

,                                (3.9) 

for zxt 0 , where  xtG ,  is a Green’s function associated with the homogeneous boundary value problem 
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EqEp

zxtp
d

dp
0,0


                                                     (3.10)                             

                                               

Theorem 3.2: Assume that    21 AA   and    31 BB   hold, Furthermore, if 1M , for some 0  then the 

AMDE  (2.6) has a solution *x  defined on zx0  and the sequence  nx  of successive approximation defined by 

                                               dSpxgxtGdSpxfxtGEp

E

x

E

xn   ,,,
~

,1                        (3.11) 

For all zxt 0 , where up 0 converges monotonically to *x . 

Proof:  By lemma  , every compact chain in  zz MSca ,  is compatible with respect to the norm . and order 

relation  . Define two operators A and B on  zz MSca , . 

Consider the open ball  0rB  in  zz MSca ,  centred at origin '' o  of radius ''r , where ''r is a positive real 

number satisfying (3.11). Define two operators    zzzz MScaMScaA ,,:  ,    zzr MScaBB ,0:   by 

                        
    















0

0

,0

,,,
~

,

MEif

zxEMEifdSpxfxtG
EAp

z

E

x 
                               (3.12) 

And  

                      
    

   













0

0

,,

,,,,

MEifEqxtG

zxEMEifdSpxgxtG
EBp

z

E

x 
                               (3.13) 

Now, by lemma, AMDE (3.4) is equivalent to the operator equation 

                              zxEEpEBpEAp 0,                                                                 (3.14) 

We show that the operators A  and B satisfy all the conditions of theorem (3.1).  this is achived in the series of 

following steps. 

Step-I: A and B are nondecreasing operators on  zz MSca , . 

Let  zz MScapp ,, 21   be such that 21 pp   then by hypothesis  1A , we obtain 
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 tAp

dSpxfxtG

dSpxfxtGEAp

E

x

x

E

2

2

11

,
~

,

,
~

,















 

For all zxt 0 . This shows that A is nondecreasing operator on  zz MSca , into  zz MSca , ,similarly using 

hypothesis  2B . It is shown that B is also nondecreasing on  zz MSca ,  into itself. Thus A  and B  are 

nondecreasing operator on  zz MSca ,   into itself. 

Step-II: A is a partially bounded and partially contraction operator on  zz MSca , . Let  zz MScap ,  be 

arbitrary then by  2A  

                                       

      

 











kM

dkxtG

dSpxfxtGEAp

E

E

x





1,

,
~

,

 

For  all zxt 0 . Taking the supremum over t in above inquality, we obtain ,1  MkAx and so, A is bounded. T 

is further implies that A is partially bounded on  zz MSca , . 

Next, Let  zz MScapp ,, 21   be such that 21 pp   

                                           

E

xx SpxfSpxfxtGEApEAp 2121 ,
~

,
~

,  

                                                                  dEpEpxtG

E

21,   

                                                           

     

21

21

21,

ppM

dppM

dEpEpxtG

E

E

















 

For all zME , Hence by definition of the norm in  zz MSca , , one has 

                                          2121 ppApAp    

For all  zz MScapp ,, 21   with 21 pp   where 10  M . Hence A is a partially contraction on 

 zz MSca ,  which further implies that A is a partially continuous on  zz MSca , . 
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Step-III: B  is a partially continuous operator on  zz MSca , , 

Let  np  be a sequence in  0r  converging to a vector measure p  for all Nn converging to a vector measure 

p  for all Nn . 

Then, By Dominated convergence theorem, we have 

                                          

      

    

    

 EB

dSpxgxtG

dSpxgxtG

dSpxgxtGEBp

p

E

x

xn
n

E

xn

E
n

n
n





























,,

,lim,

,,limlim

 

For all zxt 0 . This shows that nBp  converges to Bp pointwise on  0
~

r . 

 Next, we show  nBp  is an equicontinuous sequence of functions in  zz MSca , . Let 

zxtt 021,   be arbitrary with 21 tt  . 

Then 

                                         

E E

xnxnnn dSpxgxtGdSpxgxtGtBptBp  ,,,, 2112  

                                                            

E

xn dSpxgxtGxtG ,,, 21  

                                                     
   

00

,,

12

221



 

ttas

dkxtGxtG

E


 

Uniformly for all Nn . This show that the convergence BpBpn  is uniformly and hence B is partially 

continuous on  zz MSca , . 

Step-IV: B is a partially compact operator on  zz MSca , . 

Let C be an arbitrary chain in  zz MSca , . We show that  C  is a uniformly bounded and equicontinuous set in 

 zz MSca , . First we show that  C  is uniformly bounded . Let Cp  be arbitrary, then 
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E

x

E

x

E

rMK

dSpxgxtG

dSpxgxtGEBp

2

,,

,,





 

For all zxt 0 . Taking supremum over t , we obtain  

rBp   for all Ct  . Hence B is a uniformly bounded subset of  zz MSca , . Next, we will show that  C  is 

an equicontinuous set in  zz MSca , . 

Let zxtt 021,   with 21 tt  then 

                                 

           

      

   

21

22,1

21

2112

0

,

,,,

,,,

ttas

dkxtGxtG

dSpxgxtGxtG

dSpxgxtGxtGtBptBp

E

x

E

E

x





















 

Uniformly for all Cp . Hence  C  is compact subset of  zz MSca ,  and consequently B is a partially compact 

operator on  zz MSca ,  into itself. 

Step-V: u satisfies the operator inequality .BuAuu   

By hypothesis  4H , the boundary value problem (1.1) has a lower solution u , then we have 

               

       

    














0

0

,

..,,,

MEEqEp

and

zxoneaSpxgSpxf
d

dp
xx 


             (3.15) 

Integrating twice which together with the definition of the operator T implies that     Tuu   for all    on zx0

. 

Consequently, u is a lower solution to be the operator equation pTp   

Thus A  and B satisfy all the condition of theorem (3.1) 

With up 0  and we apply it to conclude that the operator equation pBpAp   has a solution. Consequently the 

integral equation and AMDE (2.6) has solution 
*x defined on  zz MSca , . Furthermore, the sequence  nx  of 

successive approximations defined by (3.4) converges monotonically to
*x . 
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This complete the proof. 
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