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Abstract - Areal roughness significantly determines surface functionality. Traditional contact methods, though standard, are 

limiting surface evaluation to single profiles, rendering that evaluation inadequate for multi-tooth processes like milling. Non-

contact techniques, however, rely on contact-based regression. This study proposes a framework that applies Gram-Charlier 

Probability Density Functions (PDFs) to enhance contact measurement accuracy for optimizing surface replication in machining 

operations. The approach models areal roughness using both Gaussian and Gram-Charlier PDFs. Analysis of 170 milled 

surfaces under varied machining conditions involves three-dimensional contact measurements that employ Hermite polynomials 

and cumulants for Gram-Charlier functions construction. The methodology determines roughness values through PDF peak 

analysis. The methodology determines roughness values through PDF peak analysis. Validation demonstrates that Gram-

Charlier models achieve R² values exceeding 0.99 across all extraction densities (four to twenty-one linear extractions per 

surface), confirming superior performance. Response Surface Methodology links this statistical model to machining parameters, 

enabling replication similarity assessment. Application of Minkowski and Shannon's entropy family distance metrics identifies 

optimal combinations of spindle speed, depth of cut, and feed per tooth, revealing the depth of cut as the most sensitive parameter, 

and the carbon steel with 0.15% as the best material over the three selected for achieving precise surface replication control. 

Keywords - Contact Area Roughness, Gram-Charlier Series, Replicate Surfaces, Similarity/Distance, Response Surface 

Methodology. 

1. Introduction  
The performance of the functional surfaces in 

mechanisms is significantly influenced by their roughness. 

Machining and monitoring these surfaces requires strong 

practical expertise to guarantee optimal performance. Thus, 

the efficacy of the combined cutting conditions is validated by 

evaluating the surface parameters post-machining [1, 2]. 

While defining the surface microtopography accurately, the 

areal roughness helps to understand its distinction from the 

profile roughness [3, 4]. The major challenge with the areal 

roughness assessment resides in the randomness of the surface 

texture, mostly in non-deterministic surfaces [5, 6]. The 

milling process, among other machining operations, leads to 

the production of irregular surfaces at the micro-scale [7]. This 

is fundamentally due, for most milling operations, to the 

passage of multiple cutting teeth of the tool to produce the 

same surface [8], as well as the occurrence of surface-cutting 

phenomena like chattering [9].  

Measuring the surface texture with a probe (stylus) has 

been declared faithful regarding the norms surrounding the 

method. It is, however, considered time-consuming when 

attempting to measure at different points on the same surface 

for assessing the areal roughness [10-12]. Despite the 

accuracy of modern/optical topography measurement 

instruments, the optical areal roughness assessment still asks 

for deep computing and light explanations, to be well 

understood. The complexity of the control or measurement 

methods of the real surface roughness has been highlighted by 

the works of several authors [13-17]. The irregularity of the 
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profile from the same surface induces a variation of the linear 

roughness values taken with a probe at different points. This 

highlights the importance and the difficulty of determining the 

contact area roughness. [18] defined a random variable as a 

variable that can take on a finite number of distinct values.  

A random variable can be understood with its distribution 

law, which is articulated mathematically through the 

distribution function derived from the first and second 

characteristic functions, identified as the moments and 

cumulants, respectively [19]. Thus, linear roughness can be 

considered as a random variable whose behavior has to be 

determined by a Probability Distribution Function (PDF). In 

the process of modeling random events (with normal 

distribution, Poisson distribution, Weibull distribution, etc.), 

the normal distribution is a prominent choice, distinguished by 

its key parameters: mean and standard deviation. The most 

popular technique used for highlighting the global behavior of 

random variables in systems is the optimization of the 

Probability Density Function [20, 21]. 

Over the years, developments of the Gaussian distribution 

with two variables, the asymptotic expansion of the normal 

distribution, the Mac Laurin series, and the Gram-Charlier 

series have all contributed to the estimation of the 

characteristic functions [22-25] needed to appreciate the local 

spreading/concentration of values of a variable in 

experimentation. Some works have notably formulated the 

surface modeling with statistical methods, and some others 

have reviewed several approaches related to that modeling 

[26, 27, 28]. The significance of the Gram-Charlier series 

cannot be overstated, as it effectively transforms the 

probability density function into a summation of reduced 

centered polynomials. This series proves particularly valuable 

for modeling distributions that deviate from normality or are 

not easily described by their moments. Furthermore, Gram-

Charlier (orthogonal series) presents a compelling alternative 

for estimating the Probability Density Function in comparison 

to a normal density [22]. 

Mostly used in the domain of Finance for its flexibility in 

the variable’s fluctuation, the Gram-Charlier series was 

employed in [29 ]’s work on portraying the expansion as a 

density. The findings suggest that including skewness and 

kurtosis as parameters in the Gram-Charlier expansion makes 

the series a widely favored choice in Finance. [30] improved 

Gram-Charlier expansion by choosing new values of the 

Gaussian parameters. The reproducibility of the PDF and the 

evaluation of the input moments are then improved. [31] 

Rather, we used Gram-Charlier expansion in a multivariate 

series of given distributions in self-orthogonal polynomials to 

adjust the moments of interest. Modifying the kurtosis helped 

to better model the PDF in empirical conditions and to 

compute risk measures like Value at Risk and the Expected 

Shortfall. By applying Gallant and Nychka’s (1987) method 

to the study of Jondeau and Rockinger (2001), [32] extended 

the Gram-Charlier density properties to investigate parametric 

properties. This led to obtaining analytical kth-order 

stationarity of moments based on a modified approach to 

Gram-Charlier under unimodality conditions. 

Several additional domains have implemented the Gram-

Charlier series to improve the optimization of the probability 

density functions. In the Engineering field, [33] formulated a 

Gram-Charlier series to express non-normal densities as 

infinite series involving the normal density and its derivatives. 

They optimized the parameters of the normal distribution to 

improve the method and facilitate the reproducibility of the 

probability density function. [34] compared the performance 

of the Weibull and Gram-Charlier distributions to low-

occurrence strong wind speed distributions of idealized 

structures under different conditions. The development of the 

Gram-Charlier series up to the 6th term provides greater 

flexibility for the method and greater accuracy in certain areas. 

[35] experimented with the simulation of batch precipitation 

of silica with a mathematical approach involving statistical 

moments. The Gram-Charlier expansion allowed the 

reconstruction of the particle size distribution, leading to 

pinpointing key values of the density function. 

Some works are nuancing the use of the Gaussian 

distribution over the Gram-Charlier series, and taking into 

consideration the wider use of this previous in 

experimentation as well as its attractive alternative in 

estimating the Probability Density Function of a random 

variable [22, 36-38].  Traditional areal roughness methods 

assume Gaussian distributions or rely on the mean values of 

parameters without probabilistic validation [28]. Recent 

measurement system analysis frameworks quantify instrument 

uncertainty like bias and repeatability, but do not model 

surface characteristic distributions across replicates, limiting 

process repeatability assessment. 

When a random variable is sampled from a particular 

distribution, it is possible to assess the distance/similarity 

between this variable and another variable originating from a 

different distribution. To derive meaningful insights from 

such comparisons, the distributions must be formulated within 

a coherent framework [39-42]. The practice of statistics 

involves data manipulation, and once valuable datasets are 

established, it is essential to perform analyses, particularly in 

the context of comparing datasets for similarities. Thus, 

identifying suitable tools for data similarity analysis requires 

an understanding of their practical applications and the 

interpretation of the significance of their results. Several 

methods focus on distance metrics for similarity 

measurement, but their implementation is frequently 

influenced by the types of data being examined. Some authors 

have provided significant coverage of the techniques in paper 

review, and many researchers have utilized distinct similarity 

distance metrics to tackle specific challenges.  
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In their works, [43] examine the use of distance metrics 

in similarity estimation and find that popular metrics like 

Euclidean and Manhattan distance may not be suitable for all 

data distributions. They proposed a new guideline to relate 

distribution models to similarity estimation and new distance 

metrics. In 2007, [44] systematically identified and classified 

the distance and similarity measures applicable to Probability 

Density Functions across different families, emphasizing both 

syntactic and semantic connections. While presenting the 

most used techniques, the research highlighted six (06) 

approaches that are notably lacking in the existing literature 

and warrant further investigation. The research conducted by 

[45] focused on the comparative analysis of measurements 

applied to binary and numerical datasets, employing tools 

related to similarity, distance, and scalar products.  

By formulating an equivalence scale grounded on the 

generalized Kendall [38] coefficient, they demonstrated that 

the stability characteristics of comparison measurements, as 

well as the variations in the equivalence scale, are influenced 

by the inherent nature of the data. [46] undertook an extensive 

examination of seventy-six (76) similarity and distance 

measures utilized throughout the last century for hierarchical 

clustering classification. Their analysis revealed three primary 

groups: distance-based measures, non-correlation measures, 

and correlation-based measures. [47] proposed a guide for 

researchers that examines fourteen (14) different similarity 

metrics. After defining the data's nature, followed by an 

exploration of feature selection methodologies, the authors 

then presented formulas for measuring similarities and 

differences. They ultimately provided a comparative analysis 

of the complexity, strengths, and weaknesses of the metrics, 

as depicted in a multiclass similarity measurement table. 

[48] employed Chebyshev distance for the classification 

of radar images. They introduced a divergence-Chebyshev 

distance metric to represent the similarity between pixels in 

the images under comparison. Their findings demonstrated 

that the classifier utilizing this specific distance parameter 

outperformed alternative classification methods. 

Employing the Probability Density Function (PDF) with 

a normal Gaussian approach has produced, under specific 

conditions, interesting results in several fields, namely 

Finance, engineering, machine learning, speech processing, 

and medical imaging [49-53].  

The optimization of the PDF with the higher-order 

moments established by the Gram-Charlier series is 

introduced for both Gaussian and non-Gaussian deviations as 

a thought-provoking method to characterize random 

phenomena [54, 55]. An insight is then raised in conducting a 

comparative study of results obtained from both experimental 

methods in their identification of the most reliable approach, 

especially concerning its use in the repeatability of the 

conditions and parameters that generate the estimated 

quantity.  

This work addresses gaps in areal roughness assessment 

through three main points, namely applied probabilistic 

characterization, quantitative replication metrics, and process 

optimization. Firstly, higher-order statistical moments will be 

applied at a significant-order Gram-Charlier expansion to 

linear roughness measurements. Secondly, four metric 

distances will be implemented for machined surface similarity 

assessment. Thirdly, Response Surface Methodology, 

integrating roughness distributions with machining 

parameters, will be used to identify optimal replication 

conditions.   

This paper is organized into four sections. Section 2 will 

present the materials used to create the database and the 

methods employed to process the data to achieve the 

objectives. Section 3 will highlight the results and position the 

work in the literature. Section 4 will summarize the findings 

and open the perspectives related. 

2. Materials and Methods 
2.1. Materials  

The spectrometer Foundry Master, Oxford Instruments 

Analytical Gmbh® helped to determine the materials' 

chemical composition (Table 1). 

Table 1. Average values of the tests of the chemical composition of the samples 

Sample Number of tests Iron, (Fe) Carbon (C) Silicon (Si) Phosphorus (P) 

01 2 99.3 0.05 0.03 0.05 

02 2 96.6 0.32 0.25 0.03 

03 2 98.7 0.14 0.04 0.04 

Sample Number of tests Sulfur (S) Chromium (Cr) Molybdenum (Mo)  

01 2 0.01 0.03 0.007  

02 2 0.05 0.17 0.031  

03 2 0.04 0.15 0.011  

Based on the chemical composition from the tests, the 

samples were identified as AISI1010, AISI1017, and 

AISI1038. A milling machine, Milko35r, and the cutting tool 

BAP400R-63-22, Face milling cutter with 4 inserts Apkt 

1604pdr-m, grade U9145, were used to produce surface 

samples. The MarSurf PS10® roughness tester with probe 
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measured the linear roughness values on the surface samples. 

The Intel® CoreTM i7-8550-CPU @1.80GHz-1.99GHz with 

12GB of RAM and the software Visual Studio Code V1.91.0® 

served for the data processing environment to estimate the 

areal roughness. 

2.2. Methods 

2.2.1. Surface Samples Creation 

The creation of the surface samples (also called finite 

surface samples, ℱ𝑠It was organized around the milling 

process.   

Variations were carried out at three levels for the spindle 

speed (N in rpm), the feed per tooth (𝑓 or 𝑓𝑧 in mm/tooth), and 

the depth of cut (DoC in mm) and the carbon content (Table 

2). The recording process of the tool life (Tl in s) was carried 

out after each experience. 

Table 2. Level of machining conditions for the surface samples 

Level 

Carbon 

content 

(wt%) 

Depth of 

cut (mm) 

Spindle 

speed 

(rpm) 

Feed per tooth 

(mm/tooth) 

-1 0.1 0.1 910 0.016 

0 0.15 0.2 1095 0.0225 

+1 0.3 0.3 1280 0.029 

After considering a full factorial design, to evaluate 

variable effects and improve estimation precision, which 

explores all the distinct combinations (𝐷𝑐 =  𝑙𝑘) of 𝑘-factors 

at 𝑙-levels (𝑘 = 4, 𝑙 = 3), an alternating replication strategy 

was implemented. It is based on the law of large numbers, 

which establishes empirical mean convergence to expectation. 

Single replication per surface specimen (Figure 1) reduces 

variance by 50% [56]. Center-point replicates (0, 0, 0, 0) 

permit the pure error estimation and 𝑛0 = 4 was chosen to 

provide 3 degrees of freedom. 

 
Fig. 1 Surface specimen and replicates creation principle  

The total number of experiments 𝑛𝑒𝑥𝑝 was organized into 

blocks of five consecutive experiments followed by their 5 

respective replications (Figure 1), repeating until all Distinct 

Combinations (𝐷𝑐) are exhausted, and the consideration 

related to the center-point replicates.  

𝑛𝑒𝑥𝑝 = 2 ×  (𝐷𝑐 +  𝑛0)  

                = 2 ×  (81 + 4) = 170  experiments   

2.2.2. Areal roughness determination 

The Gram-Charlier series expands the probability density 

to which the Hermite polynomials are included. It therefore 

permits us to appreciate, with extracted data, the non-Gaussian 

roughness distribution. Hence, let ℱ𝑠𝑘 be the 𝑘-th finite surface 

under measurement. It is defined 𝑟𝑙
(𝑖)as the 𝑖-th linear 

roughness, where  ∈  {1, 2, … , 𝑁𝑝}, 𝑁𝑝 as the total number of 

linear profile measurements taken on ℱ𝑠𝑘, and 𝑃𝑣 as the fixed 

pitch distance between consecutive measurement positions. ℱ𝑠 

produces two different sets (Equation (1)). The first ℛ is the 

set of profile measurements taken over the surface, and the 

second 𝑟𝑙 (a random variable) as the set of parameters 

measured by the probe during its displacement in 𝑟𝑙
(𝑖) 

Moreover, values related to each parameter. 

ℛ = {𝑟𝑙
(1), 𝑟𝑙

(2), … , 𝑟𝑙
(𝑁𝑝)} ;  

 𝑟𝑙 =  {𝑟𝑎/𝑅𝑎;  𝑟𝑧/𝑅𝑧;  𝑟𝑞/𝑅𝑞; … }                       

with 𝑟𝑎 =  {𝑟𝑎
(𝑖); 𝑖 ∈ ℕ∗}             (1)                                                                   

It is assumed that the standard deviation of the unimodal 

distribution of linear roughness (𝑟𝑙The values from the surface 

sample are identical to the Gaussian distribution of the Gram-

Charlier series [22,30]. However, modeling the probability 

density function by the Gaussian distribution is one of the 

most commonly used distributions for modeling random 

phenomena. It is characterized by the mean and standard 

deviation. It is therefore not going to be highlighted here, but 

rather its extension to Gram-Charlier development and the 

results from its application will be presented. 

𝐷(𝑟𝑙) is then defined as the Probability Density Function 

(PDF) of linear roughness with Gram-Charlier series, 

expressed in terms of the cumulants 𝑄𝑝, the Hermite 

polynomials 𝐻𝑝 of order 𝑝 [37] and the Gaussian function 

(kernel) 𝑓(𝑟𝑙;  𝛼, 𝛽) =  
1

𝛽√2𝜋
𝑒

− 
(𝑟𝑙−𝛼)2

2𝛽2  containing the variable 

𝑟𝑙, the mean 𝛼 and the standard deviation 𝛽.  

𝐷(𝑟𝑙) = 𝑓(𝑟𝑙; 𝛼, 𝛽) [𝑄0𝐻0 + ∑ 𝑄𝑝𝐻𝑝(
𝑟𝑙−𝛼

𝛽
)∞

𝑝=0 ]   (2) 

With 𝑄0 = 1, 𝐻0(𝑟𝑙) = 1. 

For an experimental approach to reduce the calculations 

[55, 57], data have been normalized so that 𝛼 = 0, 𝛽 = 1.   

𝔰𝑖 =  
𝑟𝑙

(𝑖)− 𝛼̂

𝛽̂
 /  𝛼̂ =  

1

𝑁𝑃
∑ 𝑟𝑙

(𝑖)𝑁𝑃
𝑖=1      

and 𝛽̂2 =  
1

𝑁𝑃−1
∑ (𝑟𝑙

(𝑖) − 𝛼̂)2𝑁𝑃
𝑖=1    
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With 𝛼̂, 𝛽̂ as the respective sample mean and standard 

deviation. 

From a mathematical perspective, for any 𝑝 ∈ ℕ+, 

𝐻𝑝(𝔰) = (−1)𝑝𝑒(𝔰)2 𝑑𝑝

𝑑𝔰𝑝 𝑒−(𝔰)2
  (3) 

 

Thus, a simpler expression of 𝐷(𝑟𝑙) becomes 𝐷(𝔰) =

𝑓(𝔰) . ∑ 𝑄̂𝑝𝐻𝑝(𝑟𝑙)𝑁
𝑝=0  with 𝑄̂𝑝 ≠ 0 and N ∈  {2𝑝, 𝑝 ∈ ℕ+} 

in order to substitute (2) and (3)We obtained the following 

𝐷(𝔰) = 𝑓(𝔰; 0, 1) . ∑ 𝑄̂𝑝. (−1)
𝑝
𝑒(𝔰)2 𝑑

𝑝

𝑑𝔰𝑝 𝑒−(𝔰)2𝑁
𝑝=0      

Fully dependent on 𝑝-order statistical moments, the 

cumulants 𝑄̂𝑝 are estimated by considering the orthogonality 

property of Hermite polynomials. Thus, for any 𝑗 ∈ ℕ+, 

∫ 𝐻𝑗
+∞

−∞
(𝔰). 𝐷(𝔰)𝑑𝔰 = ∫ 𝐻𝑗(𝔰)

+∞

−∞
[𝑓(𝔰) ∑ 𝑄𝑝 . 𝐻𝑝(𝔰)+∞

𝑝=0 ]𝑑𝔰  

= ∑ 𝑄𝑝 .+∞
𝑝=0 ∫ 𝐻𝑗(𝔰)𝐻𝑝(𝔰)

+∞

−∞
𝑓(𝔰)𝑑𝔰  

=  𝑄𝑗 . 𝑗!  (4) 

By orthogonality: ∫ 𝐻𝑗𝐻𝑝
+∞

−∞
𝑓(𝔰)𝑑𝔰 =  δ{𝑗𝑝}. 𝑝!  

Thus, the sample cumulants are given by Equation (5). 

 𝑄̂𝑝 =  
1

𝑝!
∑

(−1)𝑘𝑝!

𝑘!(𝑝−2𝑘)!2𝑘 𝜇′𝑝−2𝑘
[
𝑝

2⁄ ]

𝑘=0  (5) 

with  𝜇′𝑝: the 𝑝-th sample moment, also known as the 

mathematical expectation value / 𝜇′𝑝 =  
1

𝑁𝑝
∑ 𝔰𝑖

𝑝𝑁𝑝

𝑖=1 , calculated 

as in [55, 58]. Hermite polynomials are derived using the 

recursive formula Equation (6) for any 𝑛 ≥ 1, and 𝐻0(𝔰) = 1, 

𝐻𝑛+1(𝔰) =  𝔰. 𝐻𝑛(𝔰) − 𝑛. 𝐻𝑛−1(𝔰)  (6) 

with 𝐻0(𝔰) = 1,     𝐻1(𝔰) = 𝔰  

The multiplier coefficient of the orthogonal polynomials 

is recognized to be invariant for the degree at which the series 

is truncated [59]. From the assumption stated above, the 

conditions in which Gram-Charlier series are positive and 

unimodal [60-62], and the developments of the Equations (3) 

and (4) as in [30], the development of the distribution function 

here is stopped in a suitable number of terms (7), with the 

investigations being conducted through empirical methods. 

𝐷(𝔰) =  𝑓(𝔰). [ 𝑄̂0𝐻0(𝔰) + 𝑄̂1𝐻1(𝔰) + 𝑄̂2𝐻2(𝔰) +

 𝑄̂3𝐻3(𝔰) +  𝑄̂4𝐻4(𝔰)]   (7) 

With 𝑄̂0 = 1, 𝑄̂1 = 0, 𝑄̂2 = 0, 𝑄̂3 =
𝜇′3

6
, 𝑄̂4 =

𝜇′4−3

24
   

For the formulation of the areal roughness, based on the 

distribution function, it is considered a finite surface (surface 

sample) ℱ𝑠𝑘 with 𝑁𝑝 of 𝑟𝑙 measurements respecting the edge 

conditions established by [63]. This configuration (Figure 2) 

is essential to avoid the interference of the stylus tip groove-

prints demonstrated by [10]. 

 
Fig. 2 3-D extraction of linear roughness (𝒓𝒍) values 

The areal roughness of a finite surface 𝑅𝑠(ℱ𝑠𝑘) is then 

defined as the roughness value around which the surface 

exhibits the highest probability density of 𝐷(𝑧) as stated in 

Equation (8). 

𝑅𝑠(ℱ𝑠𝑘) = 𝛼̂ + 𝛽̂. 𝑧̂𝐻    
 

 𝑧̂𝐻 =  arg max
𝑧

𝐷(𝑧) ⇔   
𝑑𝐷(𝑧)

𝑑𝑧
|

𝑧= 𝑧̂𝐻

= 0  

And       
𝑑2𝐷(𝑧)

𝑑𝑧2 |
𝑧= 𝑧̂𝐻

< 0 (8) 

𝑧̂𝐻 Here represents the most probable standardized 

roughness value. 

2.2.3. Experimental validation and statistical significance  

The effectiveness of the Gram-Charlier-based areal 

roughness is validated by examining its convergence behavior 

as a function of the number of measurements. 𝑁𝑝. And so, for 

a number of surface samples {ℱ𝑠1, ℱ𝑠2, … , ℱ𝑠𝑁}It is performed 

for each sample 𝛿 linear roughness measurements.  

For each 𝑁𝑝 ∈  〈4, 5, … , 𝛿〉 it is randomly selected 𝑁𝑝 

measurements from the available 𝛿  measurements. 

𝑅𝑠 

(𝑁𝑝)
(ℱ𝑠𝑘) is then computed and compared against the 

reference  𝑅𝑠 
(𝛿)(ℱ𝑠𝑘). For its generic and bounded 

performance measure in data [64], the coefficient of 

determination R-squared (𝑅2) is used as the criterion to 

ℱ𝑠𝑘 

𝑃𝑣 

𝑁𝑝  

Measured 

sample (𝑘) 

𝑟𝑙
(𝑖) 𝑟𝑙

(𝑖+1) 
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observe the performance of the areal roughness estimation for 

both approaches (Equation (9)). 

 𝑅2(𝑁𝑝) = 1 − (
∑ (𝑅𝑠 

(𝛿)
(ℱ𝑠𝑘) − 𝑅𝑠 

(𝑁𝑝)
(ℱ𝑠𝑘))

2
𝑁
𝑘=1

∑ (𝑅𝑠 
(𝛿)

(ℱ𝑠𝑘) − 𝑅𝑠 
(𝛿)̅̅ ̅̅ ̅̅

 )
2

𝑁
𝑘=1

)   (9) 

Where 𝑅𝑠 
(𝛿)̅̅ ̅̅ ̅

=  ∑ 𝑅𝑠 
(𝛿)(ℱ𝑠𝑘)𝑁

𝑘=1  is the mean reference 

roughness across all samples. 

The statistical significance testing is organized around the 

convergence rate 𝐶𝑅(𝑁𝑝) according to the number of 

measurements 𝑁𝑝 (Equation (10)).  

The convergence is validated when 𝐶𝑅(𝑁𝑝) remain 

below the threshold 𝜏 (with  𝜏 = 1/100) for three (03) 

consecutive experiments. 

𝐶𝑅(𝑁𝑝) =  |𝑅2(𝑁𝑝) − 𝑅2(𝑁𝑝 − 1)| <  𝜏  (10)   

2.2.4. Distance of the Areal Roughness on Replicate Surfaces 

The machined surfaces from the same material, tool life, 

and under uniform machining conditions (spindle speed, feed 

rate, and depth of cut) were evaluated for their 

distance/similarity using Response Surface Methodology with 

experimental data as advised in the empirical modeling [65]. 

Ideally, those surfaces should exhibit identical areal roughness 

characteristics.  

The degree of surface repeatability was quantified by 

measuring how closely areal roughness values matched 

between replicate surfaces. Lower distance values 

(𝑑𝑛𝑎𝑚𝑒(𝑁,𝑓,𝐷𝑜𝐶)) indicate better process repeatability. Four 

distance metrics were employed to quantify differences in 

areal roughness between pair replicate surfaces (ℱ𝑠𝑘 and 

ℱ𝑠𝑘+5, with 𝑘 and 𝑘 + 5 being their numbering, as shown 

previously in Figure 1.  

These four metrics provide complementary perspectives: 

in Minkowski’s family, Minkowski (Equation (11)) captures 

overall deviation, Chebyshev (Equation (12)) identifies 

maximum discrepancy, while in Shannon’s entropy family, 

Kullback-Leibler (Equation (13)) and Jensen-Shannon 

(Equation (14)) quantify distributional dissimilarity [41]. 

𝑑𝑀𝐾(ℱ𝑠𝑘,ℱ𝑠𝑘+5) = √∑ |𝑅
𝑠 (ℱ𝑠𝑘)

𝑁𝑝 − 𝑅
𝑠 (ℱ𝑠𝑘+5)

𝑁𝑝 |
𝑁

𝛿
𝑁𝑝=4

𝑁

  

 (11) 

𝑑𝐶ℎ𝑒𝑏𝑦(ℱ𝑠𝑘,ℱ𝑠𝑘+5) = max
𝛿

|𝑅𝑠 (ℱ𝑠𝑘)
𝛿 − 𝑅𝑠 (ℱ𝑠𝑘+5)

𝛿 |    (12) 

 

 𝑑𝐾𝐿(ℱ𝑠𝑘,ℱ𝑠𝑘+5) =  ∑ 𝑅
𝑠 (ℱ𝑠𝑘)

𝑁𝑝 ln
𝑅𝑠 (ℱ𝑠𝑘)

𝑁𝑝

𝑅𝑠 (ℱ𝑠𝑘+5)

𝑁𝑝
𝛿
𝑁𝑝=4  (13) 

𝑑𝐽𝑆(ℱ𝑠𝑘,ℱ𝑠𝑘+5) =

1

2
[∑ 𝑅

𝑠 (ℱ𝑠𝑘)

𝑁𝑝 ln (
2𝑅

𝑠 (ℱ𝑠𝑘)

𝑁𝑝

𝑅
𝑠 (ℱ𝑠𝑘)

𝑁𝑝
+ 𝑅

𝑠 (ℱ𝑠𝑘+5)

𝑁𝑝
) ∑ 𝑅

𝑠 (ℱ𝑠𝑘+5)

𝑁𝑝  𝛿
𝑁𝑝=4  𝛿

𝑁𝑝=4 ]   

+
1

2
[ln (

2𝑅𝑠 (𝐹𝑆𝑘+5)

𝑁𝑝

𝑅
𝑠 (𝐹𝑆𝑘)

𝑁𝑝
+ 𝑅

𝑠 (𝐹𝑆𝑘+5)

𝑁𝑝
)]  (14) 

2.2.5. Response Surface Modeling  

Response Surface Methodology (RSM) was used to 

model the relationship between machining parameters and 

surface repeatability. 

The goal was to identify parameter combinations that 

minimize distance metrics 𝑑𝑛𝑎𝑚𝑒(𝑁,𝑓,𝐷𝑜𝐶), thereby 

maximizing process consistency. 

For each distance metric, a second-order polynomial 

regression (Equation (15)) model was fitted: 

𝑑𝑛𝑎𝑚𝑒(𝑁,𝑓,𝐷𝑜𝐶)  =  𝛽0 + 𝛽1𝑓 +  𝛽2𝑁 + 𝛽3𝐷𝑜𝐶 +

𝛽11𝑓2 + 𝛽22𝑁2 + 𝛽33𝐷𝑜𝐶2 +  𝛽12𝑓 · 𝑁 +  𝛽13𝑓 ·
𝐷𝑜𝐶 +  𝛽23𝑁 · 𝐷𝑜𝐶 +  𝜀    (15) 

where: 

𝑑𝑛𝑎𝑚𝑒(𝑁,𝑓,𝐷𝑜𝐶) :  distance metric;  𝛽₀, 𝛽ᵢ, 𝛽ᵢᵢ, 𝛽ᵢⱼ:  

regression coefficients and 𝜀: random error. 

The model captures linear effects (𝛽ᵢ), quadratic effects 

(𝛽ᵢᵢ), and two-way interactions (𝛽ᵢⱼ) between machining 

parameters. Table 3 summarizes the validation metrics and 

acceptance criteria used in the works. 

Table 3. validation metrics and acceptance criteria used 

Statistical Metric Formula Acceptance Criterion Practical Meaning 

F-statistic F = MSModel / MSError p-value < 0.05 Parameters affect repeatability 

R2 SSModel/SStotal p-value > 0.75 Model explains > 75% of variation 

Adjusted R2 1 − [
(1−R²)(n−1)

(n−p−1)
]  p-value > 0.75 Good fit accounting for model complexity 

Predicted R2 1 - PRESS/SSTotal Within 0.20 of Adj-R2 Model predicts new data reliably 
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3. Results and Discussion  
3.1. Results  

3.1.1. Dataset of Surface Samples and Roughness Values   

The finite surfaces from the same workpiece were 

separated with grooves to distinguish and reference them 

(Figure 3) from the same and at opposite faces. 

 
Fig. 3 Surface samples before the database collection (side and front 

views) 

The in-process setup (Figure 4) of the linear roughness 

extraction helped to create a database of one hundred and 

seventy (170) finite surfaces for three thousand nine hundred 

and ten (3910) linear roughness values of Ra extracted. 

 
Fig. 4 In-process setup of the 3-D linear roughness 𝒓𝒍 extraction on 𝑭𝑺𝟏𝟔 

Table 4 and 5 (start and end) presents a matrix of eighteen 

experiences from one hundred and seventy machining trials, 

randomly sampling across the improved full factorial design 

with replicates (§2.2.1). Some experiences of the selected 

subset constitute the results that are displayed in the 

presentation in this section. The surface replication outcomes 

measured through four distance metrics, from the geometric 

family (Minkowski and Chebyshev) and the entropy family 

(Kullback-Leibler and Jensen-Shannon), are calculated from 

the areal roughness determined at Equation (8).   

3.1.2. Areal Roughness Determination  

An extraction from a finite surface 𝐹𝑠𝑘 of linear roughness 

values with the pitch value 𝑃𝑣 =  1𝑚𝑚 between 𝑟𝑙,𝑗+1 and 𝑟𝑙,𝑗 

(two consecutive lining samplings), resulted in obtaining the 

points belonging to the PDF in the Gaussian and Gram-

Charlier distribution functions The connection of the 𝑁𝑝 = 23 

points sampling of 𝒓𝒍, driven by the Gaussian function 

𝑓(𝔰, 0, 1) defined (§2.2.3) of  𝑁𝑖  values where 𝑁𝑖 and 𝑁𝑖+1 are 

pitched at 1/10000. The determination of the cumulants and 

Hermite polynomials allows the plotting of 𝐷(𝑟𝑙) from Gram-

Charlier as a function of the 𝑁𝑝 values of 𝑟𝑙. Figure 5 presents 

a comparative visualization of the probability distribution 

functions (PDFs) linking the experimental values of the 

arithmetic roughness parameter (𝑟𝑎) from the values of 𝑟𝑎
𝑖 

measured on surface samples 𝐹S2, 𝐹S16, 𝐹S103. The figure 

explicitly illustrates the shape discrepancy between these two 

distributional models, revealing that Gram-Charlier PDFs 

capture the non-Gaussian characteristics inherent to the 

additional values (statistical moments) used to build them.  

 
Fig. 5 Distribution function 𝑫(𝒓𝒍) with 𝑵𝒑 = 𝟐𝟑 and 𝒓𝒍 values of surface samples  𝑭𝐒𝟐, 𝑭𝐒𝟏𝟔, 𝑭𝐒𝟏𝟎𝟑 
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A superimposed plotting of the curves for the 

measurement sets with peak values of the Gram-Charlier PDF 

over the Gaussians was performed for all the surface samples 

at different. 𝑁𝑝. Figure 6 displays the upper, for the surface 

samples. 𝐹S2, 𝐹S16, 𝐹S103 with 𝑁𝑝 = 23, the maximum for 

each PDF from which the areal roughness is derived, and the 

areal roughness 𝑅𝑠(ℱ𝑠𝑘) is displayed below each surface 

sample according to the number of measurements 𝑁𝑝. For the 

twenty-three (23) measurements of linear roughness Values, 

Mean, Standard Deviation (Std Dev), Skewness, and Kurtosis 

have been calculated.  

The areal roughness 𝑅𝑠(𝐹𝑆𝑘)  (Equation (8)) was 

determined for Gaussian (Gauss areal) and Gram-Charlier 

(GC areal) distributions. Table 6 highlights the results for the 

18 experiences given in Table 4. There is conformity between 

the calculated mean and the determined Gaussian areal 

roughness, validating the PDF connecting the experimental 

values within the same experience. The areal roughness from 

the Gram-Charlier distribution function 𝐷(𝑟𝑙) permitted to 

underline the difference introduced by the statistical moments 

of higher order. The reliability of the mean and Gaussian 

roughness across the measurement sets validated the 

experimental formulation and determination of areal 

roughness with the distribution functions. 

 
Fig. 6 PDFs, maxima, and areal roughness values with the number of measurements for the samples 𝑭𝑺𝟐, 𝑭𝑺𝟏𝟔 and 𝑭𝑺𝟏𝟎𝟑. (a) Maxima of 𝑫(𝒓𝒍) with 

GC and Gaussian approaches. (b) Areal roughness values with the number of measurements. 

Table 6. Statistical moments and Areal roughness (Gauss and Gram-Charlier) 

Exp Mean Std Dev Skewness Kurtosis 
Gauss Areal  

roughness 𝐑𝐬 

GC Areal  

roughness 𝐑𝐬 

𝐅𝐒𝟏 0.2603 0.0749 1.5625 2.7319 0.2603 0.2410 

𝐅𝐒𝟐 0.303 0.1079 0.7324 - 0.2232 0.303 0.2673 

𝐅𝐒𝟔 0.428 0.1656 - 0.1004 - 1.0732 0.4283 0.461 

𝐅𝐒𝟕 0.5373 0.149 - 0.129 - 1.074 0.5373 0.5519 

𝐅𝐒𝟏𝟎 0.9693 0.1929 0.5206 0.9868 0.9693 0.9396 

𝐅𝐒𝟏𝟏 1.337 0.4282 - 0.513 - 0.7461 1.3374 1.4851 

𝐅𝐒𝟏𝟒 1.7493 0.2969 - 0.2196 - 0.2263 1.7493 1.7861 

𝐅𝐒𝟏𝟓 1.653 0.2257 0.2157 - 0.6339 1.653 1.6153 

𝐅𝐒𝟏𝟔 1.6237 0.1478 - 0.1007 - 0.8431 1.6237 1.639 

𝐅𝐒𝟏𝟖 1.6453 0.2289 - 0.2442 - 1.0307 1.645 1.7072 

𝐅𝐒𝟏𝟗 1.6433 0.2047 - 0.468 - 0.2918 1.6433 1.6942 

𝐅𝐒𝟒𝟔 0.447 0.1114 1.563 2.007 0.447 0.4138 

𝐅𝐒𝟒𝟕 0.4321 0.1795 1.2323 0.499 0.4321 0.3678 

𝐅𝐒𝟗𝟐 1.1835 0.1224 - 0.0839 - 0.9308 1.184 1.195 
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𝐅𝐒𝟏𝟎𝟎 1.4136 0.4052 2.4367 0.6049 1.4136 1.3188 

𝐅𝐒𝟏𝟒𝟏 1.7403 0.2073 1.2571 0.9463 1.7403 1.6735 

𝐅𝐒𝟏𝟔𝟏 1.466 0.1727 - 0.4021 0.8956 1.4667 1.4883 

𝐅𝐒𝟏𝟔𝟗 1.734 0.2745 0.7815 2.1035 1.734 1.681 

3.1.3. Gram-Charlier areal Roughness versus Gauss Areal 

Roughness  

As illustrated in Figure 7, the areal roughness values 

exhibit a strong clustering (𝑅2 ≥ 0.96) across four (04) to 

twenty-one (21) measurements over the one-hundred and 

seventy (170) finite surfaces examined, regardless of the 

method employed. From the method comparison (Gram-

Charlier versus Gauss), with a limited number of 

measurements (starting from four), the R-squared (𝑅2The areal 

roughness values derived from the Gram-Charlier approach 

exceed 0.99. The precision is confirmed by the method and 

enhances its reliability.  

Meanwhile, the R-squared for the Gaussian approach 

reaches the same lower limit value (0.99) at the eighth 

measurement. Table 7 and Table 8 portray the convergence 

decisions from Equation (10) across all 170 experiments, 

respectively, from Gram-Charlier and Gaussian methods. 

 
Fig. 7 Coefficient of determination R2 from Gram-Charlier and Gaussian approaches with 𝑵𝒑 ∈ 〈𝟒, 𝟓, … , 𝟐𝟏〉 across all finite surfaces 

Table 7. Convergence decision from the Gram-Charlier method 

𝑵𝒑 R²(𝑵𝒑) R²(𝑵𝒑 − 𝟏) CR(𝑵𝒑) Decision 

21 0.9986 / / / 

20 0.9985 0.9986 7.32E-05 Yes 

19 0.9964 0.9985 0.0021 Yes 

18 0.9961 0.9964 0.0003 Yes 

17 0.9968 0.9961 0.0007 Yes 

16 0.9941 0.9968 0.0027 Yes 

15 0.9948 0.9941 0.0007 Yes 

14 0.9954 0.9948 0.0005 Yes 

13 0.9960 0.9954 0.0007 Yes 

12 0.9940 0.9960 0.0020 Yes 

11 0.9951 0.9940 0.0011 Yes 

10 0.9953 0.9951 0.0001 Yes 

9 0.9937 0.9953 0.0016 Yes 

8 0.9938 0.9937 0.0001 Yes 

7 0.9936 0.9938 0.0002 Yes 

6 0.9927 0.9936 0.0008 Yes 

5 0.9916 0.9927 0.0012 Yes 

4 0.9925 0.9916 0.0010 Yes 
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If an algorithm converges faster, it achieves a higher. 𝑅2 

value faster with fewer iterations or observations [66].  Table 

7 reveals that the Gram-Charlier approach achieved stable R² 

values (CR < 0.01 all over the consecutive 𝑁𝑝).  

The observation related to the fewest number of 

𝑁𝑝permits to expose as from 4 to 6 measurements (blue color 

in Table 7), the convergence is attained as compared to the 

Gaussian method, which achieves it in the range from 4 to 8 

(the convergence is shown in orange color in Table 8). This 

represents a 50% reduction in measurement requirements 

while maintaining equivalent distributional strength (R² > 0.99 

for Gram-Charlier from 𝑁𝑝 = 4, and R² > 0.99 for Gaussian 

from 𝑁𝑝 = 8, at convergence). 

Table 8. Convergence decision from the Gaussian method 

𝑵𝒑 R²(𝑵𝒑) R²(𝑵𝒑 − 𝟏) CR(𝑵𝒑) Decision 

21 0.9986 / / / 

20 0.9986 0.9986 3.96 E-05 Yes 

19 0.9942 0.9986 0.0044 Yes 

18 0.9957 0.9942 0.0016 Yes 

17 0.9970 0.9957 0.0013 Yes 

16 0.9899 0.9970 0.0071 Yes 

15 0.9936 0.9899 0.0037 Yes 

14 0.9949 0.9936 0.0013 Yes 

13 0.9948 0.9949 0.0001 Yes 

12 0.9937 0.9948 0.0011 Yes 

11 0.9939 0.9937 0.0002 Yes 

10 0.9904 0.9939 0.0035 Yes 

9 0.9904 0.9904 2.09 E-05 Yes 

8 0.9924 0.9904 0.0020 Yes 

7 0.9860 0.9924 0.0064 Yes 

6 0.9847 0.9860 0.0014 Yes 

5 0.9705 0.9847 0.0141 No 

4 0.9717 0.9705 0.0012 Yes 

3.1.4. Distance/Similarity Analysis of Areal Roughness on 

Machined Replicate Surfaces 

After establishing the capability to assess areal roughness 

via Gram-Charlier developments, it has been beneficial to 

investigate its behavior on machined replicated surfaces 

according to the machining conditions. The evaluation of 

various cutting parameter combinations allows for the 

observation of the values that can minimize the 

distance/response, thus achieving perfect replication.  

An examination of the measured sets of areal roughness 

values shows a remarkable similarity among them. The 

distances or similarities of the eighty-five (85) replicate 

surfaces, employing Minkowski and Chebyshev distances, 

alongside the Kullback-Leibler and Jensen-Shannon distance 

metrics for assessment, are presented in Figure 8. It depicts the 

fact that as the carbon percentage increases (from 0.10% to 

0.30%), the mean distance reduces, showing clearly the 

impact of the material on the replication process. It depicts the 

fact that as the carbon percentage increases (from 0.10% to 

0.30%), the mean distance reduces, showing clearly the 

impact of the material on the replication process. More 

specifically, the Minkowski distance portrays a reduction of 

mean distance by 29% as the carbon content increases. 

Chebyshev distance compared to Minkowski’s (same family), 

rather highlights an improvement in the replication possibility.  

It is observed that the lowest mean in the Kullback-

Leibler distance, but with a very high variability. This proves 

that in normalizing all the distance metrics, Kullback-Leibler 

will not be adequate for the replication process. Jensen-

Shannon distance is performed identically throughout the 

materials, which is considered a stationary effect.  

This assessment of the replication through the JS distance 

presents the replication as complicated to implement, taking 

material into account. Regarding the deviations from all 

distances to achieve consistent surface replication across all 

roughness machining conditions, the distance metrics can 

present interesting values and very low variability in some 

cases (Minkowski and Shebyshev). A further observation of 

all the distance metrics values, looking at the contribution of 

machining conditions in the replication process. 

The second-order polynomial regression models were 

then established from the machining conditions, permitting 

the representation of their map contribution (Figure 9, Figure 

10, and Figure 11) within the values of the experiment. For all 

four metrics and taking into consideration a cross contribution 

by pair of machining conditions, the models that perform best 

regarding family metrics are.  

Table 9 highlights the regression models with their 

respective coefficient of determination, R2. Ranging from 0.77 

to 0.903 and 0.72 to 0.875, Adjusted-R2 (Adj-R2) and 

Predicted-R2 (Pred-R2) values, respectively, show interesting 

fits in the developed models.   

From Table 3 (practical meaning) and Table 7 (Adj-R2 

and Pred-R2), it is noted that the opposite growth of carbon 

content (increasing) and Adjusted-R2 values (decreasing) 

across all distance metrics. The highest predictive accuracy 

still stands for the AISI1010.  

The gap between all Adj-R2 and Pred-R2 values, across all 

metrics and materials, is appreciable considering its low value: 

0.20. And so, the criteria above highlight the optimization 

strategy in the material selection for good repeatability.  

As all models meet acceptance criteria, the 

combination/pair between the Depth of Cut (DoC) and the 

Spindle Speed (N) appropriately captures interesting features 

at all levels of combinations: Linear (DoC, N), quadratic 

(DoC2, N2), and two-way interactions (DoC x N).



Kanaa Thomas et al. / IJETT, 74(5), 342-361, 2026 
 

352 

 
Fig. 8 Distance metrics overview and deviations from materials’ perspective 

Table 9. Polynomial regression models of distance metrics and performance with materials and machining conditions 

Carbon 

Percent 

Family metrics 

and parameters 
Polynomial regression models R2 

Adj- 

R2 

Pred- 

R2 

0.10% 

(AISI1010 

-C10) 

Minkowski 

(𝐷𝑜𝐶, 𝑁) 

at f = 0.0225 

𝒅𝑴𝑲(𝑫𝒐𝑪,𝑵) =  0.983 +  3.08 × 10−5 · 𝐷𝑜𝐶 −  3.45 × 10−10 ·

𝑁    
                           − 36.29 · 𝐷𝑜𝐶² +  8.88 × 10⁻⁸ · 𝑁² +  0.0204 ·

𝐷𝑜𝐶 · 𝑁 +  0.0401 · 𝐷𝑜𝐶² · 𝑁 −  1.77 × 10⁻⁵ · 𝐷𝑜𝐶 · 𝑁²  

0.92 0.903 0.875 

𝒅𝑪𝒉𝒆𝒃𝒚(𝑫𝒐𝑪,𝑵)  =  0.418 +  1.51 × 10−5 · 𝐷𝑜𝐶 −  2.001 ×

10−10 · 𝑁  
                                − 21.03 · 𝐷𝑜𝐶² +  5.14 × 10⁻⁸ · 𝑁² +

 0.00845 · 𝐷𝑜𝐶 · 𝑁 +  0.0302 · 𝐷𝑜𝐶² · 𝑁 −  9.25 × 10⁻⁶ ·
𝐷𝑜𝐶 · 𝑁²  

0.88 0.86 0.83 

Jensen-Shannon 

entropy 

(𝑁, 𝑓) 

at f = 0.0225 

𝒅𝑲𝑳(𝑫𝒐𝑪,𝑵) =  −0.00102 −  2.275 × 10−7 · 𝐷𝑜𝐶 +  7.60 ×

10−9 · 𝑁    
                          + 0.543 · 𝐷𝑜𝐶² −  1.33 × 10⁻⁹ · 𝑁² −

 0.000123 · 𝐷𝑜𝐶 · 𝑁 +  1.77 × 10⁻⁷ · 𝑁² · 𝐷𝑜𝐶 −  0.00102 ·
𝑁 · 𝐷𝑜𝐶²  

0.91 0.89 0.86 

𝒅𝑱𝑺(𝑫𝒐𝑪,𝑵)  =  −0.00102 −  5.903 × 10−8 · 𝐷𝑜𝐶 +  2.53 ×

10−9 · 𝑁  
                          + 0.181 · 𝐷𝑜𝐶² −  4.43 × 10⁻¹⁰ · 𝑁² −  3.14 ×
10⁻⁵ · 𝐷𝑜𝐶 · 𝑁 +  5.01 × 10⁻⁸ · 𝑁² · 𝐷𝑜𝐶 −  0.000314 · 𝑁 ·

𝐷𝑜𝐶²  

0.89 0.87 0.84 

0.15% 

(AISI1017 

– C15) 

Minkowski 

(𝐷𝑜𝐶, 𝑁) 

at f = 0.0225 

𝒅𝑴𝑲(𝑫𝒐𝑪,𝑵) =  0.867 +  2.56 × 10−5 · 𝐷𝑜𝐶 −  2.89 × 10−10 ·

𝑁   
                            − 30.45 · 𝐷𝑜𝐶² +  7.45 × 10⁻⁸ · 𝑁² +

 0.0171 · 𝐷𝑜𝐶 · 𝑁 +  0.0336 · 𝐷𝑜𝐶² · 𝑁 −  1.48 × 10⁻⁵ ·
𝐷𝑜𝐶 · 𝑁²  

0.88 0.857 0.821 
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𝒅𝑪𝒉𝒆𝒃𝒚(𝑫𝒐𝑪,𝑵)  =  0.352 +  1.27 × 10⁻⁵ · 𝐷𝑜𝐶 −  1.678 ×

10⁻¹⁰ · 𝑁 −  17.64 · 𝐷𝑜𝐶² +  4.31 × 10⁻⁸ · 𝑁² +  0.00709 ·
𝐷𝑜𝐶 · 𝑁 +  0.0253 · 𝐷𝑜𝐶² · 𝑁 −  7.76 × 10⁻⁶ · 𝐷𝑜𝐶 · 𝑁²  

0.85 0.82 0.78 

Jensen-Shannon 

entropy 

(𝑁, 𝑓) 

at f = 0.0225 

𝒅𝑲𝑳(𝑫𝒐𝑪,𝑵) =  −0.00086 −  1.908 × 10−7 · 𝐷𝑜𝐶 +  6.37 ×

10−9 · 𝑁    
                          + 0.543 · 𝐷𝑜𝐶² −  1.33 × 10⁻⁹ · 𝑁² −

 0.000123 · 𝐷𝑜𝐶 · 𝑁 +  1.77 × 10⁻⁷ · 𝑁² · 𝐷𝑜𝐶 −  0.00102 ·
𝑁 · 𝐷𝑜𝐶²  

0.88 0.86 0.82 

𝒅𝑱𝑺(𝑫𝒐𝑪,𝑵)  =  −0.000855 −  4.950 × 10⁻⁸ · 𝐷𝑜𝐶 +  2.12 ×

10⁻⁹ · 𝑁  
+ 0.152 · 𝐷𝑜𝐶² −  3.71 × 10⁻¹⁰ · 𝑁² −  2.63 × 10⁻⁵ · 𝐷𝑜𝐶 ·

𝑁 +  4.20 × 10⁻⁸ · 𝑁² · 𝐷𝑜𝐶 −  0.000263 · 𝑁 · 𝐷𝑜𝐶²  

0.86 0.84 0.80 

0.30% 

(AISI1038 

– C30) 

Minkowski 

(𝐷𝑜𝐶, 𝑁) 

at f = 0.0225 

𝒅𝑴𝑲(𝑫𝒐𝑪,𝑵) =  0.651 +  1.92 × 10−5 · 𝐷𝑜𝐶 −  2.17 × 10−10 ·

𝑁   
                           − 22.87 · 𝐷𝑜𝐶² +  5.59 × 10⁻⁸ · 𝑁² +  0.0128 ·

𝐷𝑜𝐶 · 𝑁 +  0.0252 · 𝐷𝑜𝐶² · 𝑁 −  1.11 × 10⁻⁵ · 𝐷𝑜𝐶 · 𝑁²  

0.84 0.841 0.763 

𝒅𝑪𝒉𝒆𝒃𝒚(𝑫𝒐𝑪,𝑵)  =  0.264 +  9.52 × 10⁻⁵ · 𝐷𝑜𝐶 −  1.260 ×

10⁻¹⁰ · 𝑁 −  13.23 · 𝐷𝑜𝐶² +  3.24 × 10⁻⁸ · 𝑁² +  0.00532 ·
𝐷𝑜𝐶 · 𝑁 +  0.0190 · 𝐷𝑜𝐶² · 𝑁 −  5.82 × 10⁻⁶ · 𝐷𝑜𝐶 · 𝑁²  

0.81 0.77 0.72 

Jensen-Shannon 

entropy 

(𝑁, 𝑓) 

at f = 0.0225 

𝒅𝑲𝑳(𝑫𝒐𝑪,𝑵) =  −0.00064 −  1.433 × 10⁻⁷ · 𝐷𝑜𝐶 +  4.78 ×

10⁻⁹ · 𝑁  
+ 0.342 · 𝐷𝑜𝐶² −  8.39 × 10⁻¹⁰ · 𝑁² −  0.0000773 · 𝐷𝑜𝐶 ·

𝑁 +  1.11 × 10⁻⁷ · 𝑁² · 𝐷𝑜𝐶 −  0.000642 · 𝑁 · 𝐷𝑜𝐶²  

0.85 0.82 0.78 

𝒅𝑱𝑺(𝑫𝒐𝑪,𝑵)  =  −0.000641 −  3.713 × 10⁻⁸ · 𝐷𝑜𝐶 +  1.59 ×

10⁻⁹ · 𝑁  
+ 0.114 · 𝐷𝑜𝐶² −  2.78 × 10⁻¹⁰ · 𝑁² −  1.97 × 10⁻⁵ · 𝐷𝑜𝐶 ·

𝑁 +  3.15 × 10⁻⁸ · 𝑁² · 𝐷𝑜𝐶 −  0.000197 · 𝑁 · 𝐷𝑜𝐶²  

0.83 0.80 0.75 

 

Figures 9, 10, and 11 display the response surface for the 

different materials according to the metrics and machining 

conditions. For AISI1010, Figure 9 presents a poor 

appreciation of the replication process due to the low areas 

covered by the green color at its different shades. 

From the metrics viewpoint, it is globally observed that 

extreme machining conditions (DoC, N) are sensitive. 

Minkowski and Chebyshev distance metrics identify N = 910 

rpm and DoC = 0.2mm as optimal selection, while Kullback-

Leibler and Jensen-Shannon prescribe N = 910 rpm and DoC 

= 0.3mm.  

This variation of DoC between 0.2 and 0.3 creates a 

conflict in the practical selection of machining conditions and 

does not permit us to conclude in choosing AISI1010 for the 

replication process. For AISI1017, Figure 10 shows the same 

conflict as in AISI1010.  

For the Minkowski family, N=1280 rpm and 

DoC=0.3mm, and for the entropy family, N=1280 rpm and 

DoC=0.2mm. This reduces the discrete choice conflict to a 

single DoC still between 0.2 and 0.3mm. For AISI1038, 

Figure 11 totally disconnects the previous organization of 

Minkowski family metrics. Minkowski distance metrics 

present their best selection at N = 1280 rpm and DoC = 

0.3mm, while Chebyshev is at N = 910 rpm and DoC = 

0.1mm. The entropy family remains aligned and meets 

Chebyshev settings at N and DoC values.  

Across all the materials and with consideration of discrete 

experimental machining conditions, AISI1017 stands as the 

best choice for the replication process for two main reasons.  

Firstly, there is high productivity conferred by the spindle 

speed (N = 1280 rpm) for all distance metrics. At the same 

feed (as this is the case here), a high rotational speed permits 

high productivity.  

Secondly, AISI1038 presents diametrically opposed 

machining conditions’ opposition with no adjacent choice in 

the experimental design space.  

Figure 12 underlines the importance of machining 

conditions taken individually. With the normalized effect size 

and across all distance metrics, the depth of cut (DoC) is the 

dominant machining condition for the replication process 

(effect size > 0.75). The feed rate provides the secondary 

contribution, and the spindle speed exhibits minimal influence 

(effect < 0.10 in 8 cases).
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Fig. 9 Response surface for the AISI1010 from the family distance metrics with the DoC and N 

 
Fig. 10 Response surface for the AISI1017 from the family distance metrics with the DoC and N 
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Fig. 11 Response surface for the AISI1038 from the family distance metrics with the DoC and N 

 
Fig. 12 Machining conditions importance across all metrics 

3.2. Discussion  

The extraction of a single linear roughness fails to 

represent the heterogeneity of surfaces adequately. In reality, 

surfaces frequently display localized variations resulting from 

manufacturing processes, and a single extraction method is 

insufficient for determining areal roughness. This assertion 

was experimentally proven in Figure 7 within this work. [67] 

underscores the statistical nature of surface roughness, noting 

that relying on single measurements may lead to a 

misrepresentation of the surface due to localized irregularities. 

The results of this work have displayed a considerable range 

within which the linear roughness values of the same can 

move and have therefore confirmed the previous statement. 

Finding a statistical method that faithfully gives the areal 
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roughness just with a few measurements remains a challenge. 

The use of the Gram-Charlier series to model linear roughness 

as a random variable aligns with recent trends in surface 

metrology that emphasize stochastic approaches. For instance, 

[51] highlighted the importance of statistical methods in 

characterizing variables that often follow non-Gaussian 

distributions. The roughness parameters of the surface texture 

in milling mostly behave as such due to machining-induced 

irregularities. The high coefficient of determination (𝑅2 >
0.99)  values observed in this study corroborate the findings 

of [52], who demonstrated that higher-order series expansions 

(e.g., Gram-Charlier) better capture skewness and kurtosis in 

experimentation compared to Gaussian models. This suggests 

that the Gram-Charlier series is a more versatile tool for 

modeling real-world surface phenomena, particularly in 

milling processes where tool vibrations and material 

heterogeneity introduce non-Gaussian features [8].  

The proposal of the method to improve areal roughness 

characterization via contact methods addresses a critical gap 

in surface metrology. [68] specifies that multiple 

measurements are necessary to ensure representativeness, 

particularly for non-uniform surfaces. The standard advocates 

for traversing different locations and orientations to compute 

a “mean” value, aligning with industrial quality control 

practices (ISO, 1996). Industries like aerospace or automotive 

often mandate multiple measurements for critical components. 

[69] highlights that high-stakes applications require rigorous 

metrology to mitigate risks of premature failure. While non-

contact optical profilometry (e.g., coherence scanning 

interferometry) dominates ISO 25178-compliant areal 

measurements [10], contact profilometers remain widely used 

in industry due to their cost-effectiveness and simplicity. 

The study’s success in achieving 𝑅2 > 0.99 as from four 

(04) and throughout the twenty-one (21) linear extractions per 

surface, supports the argument by [70] that contact methods 

can remain relevant if augmented with advanced statistical 

models. The 50% measurement reduction (Np = 4 vs. 6) 

directly translates to halved inspection time in industrial 

settings, where stylus setup and acquisition consume 

approximately one minute per measurement [71]. This 

efficiency validates fourth-order Gram-Charlier expansion as 

practical for production environments while maintaining 

distributional fidelity (R² > 0.99). This efficiency gain could 

reduce the time allowed in regressing optical values to contact 

ones. The relationship between areal roughness and 

machining parameters (feed, depth of cut, and spindle speed) 

aligns with foundational studies in machining dynamics. For 

example, [72] established that feed rate directly influences 

Peak-To-Valley Roughness (Rz), while [73] showed that 

depth of cut exacerbates waviness in milled surfaces. The 

current findings extend these insights by quantifying how 

parameter combinations affect the statistical distribution of 

roughness, rather than isolated amplitude parameters. This 

statistical perspective echoes the work of [73], who Linked 

Skewness (Rsk) to tool wear mechanisms and Average 

Roughness (Ra) with the texture parameters. While the 

method shows promise, its reliance on the coefficient of 

determination R-squared (R2) as a validation metric warrants 

caution; the study’s focus on milling processes limits its 

generalizability to other machining operations, namely 

grinding, EDM, etc, where surface generation mechanisms 

differ significantly. Future work could integrate machine 

learning to automate parameter selection and propose the best 

combination that eases the replication of surfaces.  

4. Conclusion  
This paper aimed to determine the areal roughness of 

milled surfaces with the help of linear roughness considered 

as a random variable. The evaluation of areal roughness has 

been effected by deriving the Probability Density Function. To 

validate the estimation of the areal roughness, the coefficient 

of determination, R-squared (R2), of the Gram-Charlier series 

applied over 170 surfaces was compared to standard normal 

Gaussian density functions across all the surface 

measurements. The R² values assessed from four to twenty-

one linear roughness extractions per surface consistently 

exceeded 0.99 in the Gram-Charlier series, highlighting its 

relevance in areal roughness evaluation. This analytical 

approach enabled, with distance/similarity metrics, the 

establishment of conditions for the replication of surfaces, 

specifically in relation to machining parameters such as feed, 

depth of cut, and spindle speed. The depth of cut has been 

revealed as the most important, and the carbon steel with 

0.15% (AISI1017) has shown the best carbon content for the 

replication process. The findings presented provide a 

groundwork for improving the characterization of the areal 

roughness via contact methods, and propose a practical bridge 

to the passage of the specifications of norm ISO 4287 to ISO 

25178, irrespective of surface phenomena. Thus, it is expected 

that the mechanisms governing the surface will perform 

optimally based on their defined parameters. Furthermore, 

future research endeavors will focus on enhancing and 

automating the assessment of the areal roughness in machined 

surfaces. 
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Appendix 
Table 4. (start) Matrix of the linear roughness values with rotational speed (N) in rpm, feed rate (f) in mm/tooth, Depth of Cut (DoC) in mm, Tool life (Tl) in s. 

𝑭𝒔𝒌 %C N f DoC Tl 𝒓𝒂,𝟏 𝒓𝒂,𝟐 𝒓𝒂,𝟑 𝒓𝒂,𝟒 𝒓𝒂,𝟓 𝒓𝒂,𝟔 𝒓𝒂,𝟕 𝒓𝒂,𝟖 𝒓𝒂,𝟗 𝒓𝒂,𝟏𝟎 𝒓𝒂,𝟏𝟏 

𝑭𝒔𝟏 0.1 1280 29 0.1 69.3 0.206 0.316 0.243 0.264 0.187 0.245 0.332 0.295 0.301 0.241 0.301 

𝑭𝒔𝟐 0.1 1280 29 0.1 138.5 0.188 0.298 0.349 0.169 0.316 0.331 0.354 0.294 0.294 0.277 0.369 

𝑭𝒔𝟔 0.1 1280 29 0.1 75 0.145 0.291 0.237 0.148 0.281 0.358 0.292 0.236 0.233 0.702 0.704 

𝑭𝒔𝟕 0.1 1280 29 0.1 149 0.36 0.324 0.599 0.448 0.361 0.34 0.326 0.35 0.319 0.715 0.63 

𝑭𝒔𝟏𝟎 0.1 1280 29 0.1 78 1.033 1.094 1.476 1.354 1.018 0.943 1.061 1.076 1.103 0.94 0.96 

𝑭𝒔𝟏𝟏 0.1 1280 29 0.2 156 1.304 1.282 1.452 1.895 1.953 1.431 1.282 1.487 1.326 1.603 1.702 

𝑭𝒔𝟏𝟒 0.1 910 16 0.1 120 2.41 2.089 2.048 1.94 1.977 1.873 1.872 2.053 1.89 1.766 1.732 

𝑭𝒔𝟏𝟓 0.1 1280 29 0.2 240 1.982 2.045 1.617 1.632 1.718 1.678 1.69 1.789 1.794 2.1 1.972 

𝑭𝒔𝟏𝟔 0.1 1280 29 0.2 91 1.469 1.416 1.492 1.598 1.382 1.254 1.27 1.2 1.141 0.956 1.27 

𝑭𝒔𝟏𝟖 0.1 910 16 0.2 135 2.53 2.069 2.009 2.056 1.893 1.858 1.875 1.592 1.689 1.681 1.68 

𝑭𝒔𝟏𝟗 0.1 1280 29 0.2 269 1.842 1.84 1.847 1.857 1.889 2.045 1.9 1.884 1.902 1.676 1.675 

𝑭𝒔𝟒𝟔 0.3 1280 29 0.1 80 0.428 0.762 0.496 0.526 0.578 0.732 0.367 0.395 0.441 0.417 0.374 

𝑭𝒔𝟒𝟕 0.3 1280 29 0.1 160 0.583 0.37 0.421 0.439 0.378 0.385 0.746 0.346 0.361 0.363 0.345 

𝑭𝒔𝟗𝟐 0.3 910 16 0.2 292.9 1.228 1.213 1.087 1.215 1.218 1.32 1.422 1.278 1.287 1.278 1.277 

𝑭𝒔𝟏𝟎𝟎 0.15 910 16 0.3 154.1 2.092 1.723 1.871 2.93 1.401 1.456 1.319 1.448 1.376 1.293 1.237 

𝑭𝒔𝟏𝟒𝟏 0.15 910 16 0.1 184.2 2.297 1.84 1.75 1.703 1.704 2.122 1.599 1.533 1.412 2.16 1.606 

𝑭𝒔𝟏𝟔𝟏 0.15 910 16 0.3 106.4 1.509 1.668 1.537 1.471 1.438 1.377 1.432 1.514 1.358 1.543 1.438 

𝑭𝒔𝟏𝟔𝟗 0.15 910 16 0.3 432 1.707 2.044 1.806 1.539 1.481 1.908 1.931 1.813 1.771 1.874 1.745 

 

Table 5. (end) Matrix of the linear roughness values 

𝑭𝒔𝒌 %C N f DoC Tl 𝒓𝒂,𝟏𝟐 𝒓𝒂,𝟏𝟑 𝒓𝒂,𝟏𝟒 𝒓𝒂,𝟏𝟓 𝒓𝒂,𝟏𝟔 𝒓𝒂,𝟏𝟕 𝒓𝒂,𝟏𝟖 𝒓𝒂,𝟏𝟗 𝒓𝒂,𝟐𝟎 𝒓𝒂,𝟐𝟏 𝒓𝒂,𝟐𝟐 𝒓𝒂,𝟐𝟑 

𝑭𝒔𝟏 0.1 1280 29 0.1 69.3 0.237 0.197 0.17 0.206 0.261 0.226 0.224 0.173 0.202 0.26 0.505 0.395 

𝑭𝒔𝟐 0.1 1280 29 0.1 138.5 0.243 0.157 0.175 0.185 0.267 0.217 0.233 0.269 0.463 0.452 0.516 0.553 

𝑭𝒔𝟔 0.1 1280 29 0.1 75 0.606 0.63 0.605 0.52 0.542 0.529 0.462 0.492 0.429 0.474 0.461 0.475 

𝑭𝒔𝟕 0.1 1280 29 0.1 149 0.732 0.831 0.686 0.63 0.632 0.552 0.579 0.592 0.633 0.533 0.059 0.596 

𝑭𝒔𝟏𝟎 0.1 1280 29 0.1 78 0.977 0.888 0.896 0.899 0.807 0.818 0.826 0.786 0.688 0.983 0.557 1.112 

𝑭𝒔𝟏𝟏 0.1 1280 29 0.2 156 1.745 1.892 1.727 1.732 1.411 0.843 0.809 1.139 0.588 0.549 0.511 1.097 

𝑭𝒔𝟏𝟒 0.1 910 16 0.1 120 1.835 1.777 1.698 1.687 1.835 1.774 1.488 1.422 1.372 1.315 1.221 1.16 

𝑭𝒔𝟏𝟓 0.1 1280 29 0.2 240 1.517 1.674 1.778 1.652 1.574 1.575 1.323 1.527 1.428 1.327 1.28 1.346 

𝑭𝒔𝟏𝟔 0.1 1280 29 0.2 90.3 1.787 1.473 0.976 1.457 1.043 1.134 0.805 1.088 0.733 0.644 0.874 1.104 

𝑭𝒔𝟏𝟖 0.1 910 16 0.2 135 1.638 1.721 1.687 1.594 1.52 1.561 1.608 1.576 1.594 1.437 1.509 1.315 
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𝑭𝒔𝟏𝟗 0.1 1280 29 0.2 269 1.786 1.762 1.713 1.942 1.802 1.796 1.706 1.772 1.822 1.801 1.677 1.498 

𝑭𝒔𝟒𝟔 0.3 1280 29 0.1 80 0.375 0.403 0.385 0.39 0.388 0.37 0.396 0.478 0.464 0.476 0.288 0.347 

𝑭𝒔𝟒𝟕 0.3 1280 29 0.1 158.2 0.497 0.354 0.897 0.67 0.283 0.366 0.796 0.254 0.204 0.324 0.297 0.26 

𝑭𝒔𝟗𝟐 0.3 910 16 0.2 292.9 1.354 1.314 1.186 1.176 1.089 1.119 1.029 0.955 1.051 1.059 0.987 1.079 

𝑭𝒔𝟏𝟎𝟎 0.15 910 16 0.3 154.1 1.176 1.369 1.226 1.206 1.252 1.246 1.243 1.147 0.978 1.181 1.147 1.196 

𝑭𝒔𝟏𝟒𝟏 0.15 910 16 0.1 184.2 1.608 1.771 1.627 1.713 1.643 1.709 1.656 1.603 1.627 1.626 1.732 1.729 

𝑭𝒔𝟏𝟔𝟏 0.15 910 16 0.3 106.4 1.456 1.58 1.683 1.841 1.706 1.592 1.361 1.5 1.35 1.593 1.434 1.12 

𝑭𝒔𝟏𝟔𝟗 0.15 910 16 0.3 432 1.501 1.236 1.459 1.491 1.454 1.467 1.485 1.021 1.088 1.08 1.12 0.895 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  


