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Abstract - Elastic distribution waves in lamellar bodies have been studied for more than a hundred years, but work in this
direction continues, which indicates a continuing interest in this problem. In this paper, the wave propagation problem in
a viscoelastic thin film is considered—a plate of variable cross-section subordinating to the Timoshenko hypothesis. The
article's main purpose is to study the distribution of natural waves in an infinite viscoelastic lamellar waveguide with a
wedge cross-section based on the Timoshenko hypothesis. The variation of complex natural frequencies and waveforms
depending on various waveguide parameters (wavenumber and geometric parameters) is investigated. Integro-differential
equations of waveguide motion are obtained based on the variational principle. After applying the freezing method, a
system of differential equations with complex coefficients is obtained, which is further solved using the orthogonal run
method with a combination of the Muller method on complex arithmetic. Based on the obtained results, it is established
that with an increase in the wave number, the real and imaginary parts of normal modes in the Timoshenko wedge-shaped
plate tend to have constant values. In this case, the localization of motion is observed near the sharp edge of the
waveguide. It is also found that comparing the results obtained according to the Kirchhoff and Timoshenko theories for
small wedge angles differs by up to 10%. Real and imaginary parts of a complex function of the propagation velocity of the
Azov wave, the propagation velocity of the first mode in a wedge-shaped plate practically does not depend on the Poisson's
ratio (a change within 0.5 %). In general, the numerical analysis of edge waves in Kirchhoff and Timoshenko plates allows
us to conclude that Kirchhoff's hypotheses are quite suitable for calculating wave processes in wedge-shaped plates,
including at frequencies with a wavelength of the order of plate thickness. This discrepancy with the classical results of the
theory of Kirchhoff plates of constant thickness is explained by the phenomenon of localization of the waveform with
increasing frequency, which occurs only in plates of variable thickness. At the same time, the relative simplicity of the
mathematical apparatus of the Kirchhoff plate theory makes it possible to study the dispersion characteristics of
waveguides with a more complex cross-section configuration, which is very difficult to construct in the framework of a
three-dimensional theory. The results of this work can be applied in calculations of engineering structures consisting of
extended plates of constant and variable cross-sections.

Keywords - Damped wave, Viscoelastic plate sector cross-section, Navier equation, Spectral boundary value problem,
Orthogonal run.

1. Introduction

To date, no general methods have been developed for
calculating a plate of variable cross-section, considering
the  material's rheological  properties. Results  of
investigations of elastic free wave propagation in
plateschat rooms (and rectangular elastic rods) are given in
the articles [1, 2, 3]. The paper [21] describes obtaining a
system of independent differential equations for an
unbounded axisymmetric rod. The solution is sought in the
form of a traveling wave. As a result, the Bessel equation
is obtained, the resolution of which is expressed in terms

of the Bessel and Neumann functions. The problem is
reduced to the propagation of plane waves in an equivalent
plate. Dispersion curves are constructed for different
angles of helical wave propagation.

The article [5] discusses the applicability of Kirchhoff's
hypotheses in the study of problems of propagation of
magneto-elastic waves in a plate. A comparative analysis
of approximate and exact solutions is given. The
acceptability of Kirchhoff's hypotheses in the study of
magneto-elastic wave propagation problems is proved [6].
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The existence of surface waves in elastic wedges was
first discovered in [7-9]. Thus, the conclusion of y came
based on the results obtained, which were obtained
numerically and by the am | method. It was found that the
waves have an oscillating character along the edge of the
wedge and exponentially decrease with distance from the
edge. The propagation speed of surface waves in elastic
wedges depends on the angle of the edge. Therefore,
depending on the angle, their speed can be significantly
less than the speed of Rayleigh waves. This circumstance
creates a very attractive opportunity for practice, expressed
in the use of delay lines. At the same time, the question of
proving, from a physical and mathematical point of view,
the existence of such waves, taking into account physical,
mechanical and geometric parameters, remained open.

In [22], surface waves traveling along the edge of an
elastic wedge were considered. In the last paper, the
existence of surface waves in acute-angled wedges is
mathematically proved for an isotropic elastic wedge. The
proof is based on the variational approach of elasticity
theory.

The paper [11] deals with the propagation of elastic
waves in a wedge. The proposed approach to solving the
problem was developed, and the propagation velocity of
surface waves was determined for symmetric and
antisymmetric modes of an isotropic wedge.

The articles [12, 23] deal with new acoustic effects
during wave propagation in wedge-shaped media. Studies
of wave propagation in an elastic wedge-shaped plate have
revealed new acoustic effects near the rib that are unknown
in the technical literature. When a surface wave moves in
this region, the acoustic field is continuously rearranged,
and the volume waves are emitted. As we approach the
edge, the surface wave velocity drops to zero, but in the
opposite direction, the wave gains speed.

Researchers selected viscoelastic infinite plates or
strips of variable thickness and viscoelastic cylindrical
bodies with radial cracks in the current job as objects. The
relations between the parameters of harmonic wave
processes are investigated [14,15,24]. On the other hand,
knowledge of the propagation patterns of harmonic wave
processes is of great interest in practice. Also, the study of
harmonic vibrations is the shortest way to quantify the
features of non-stationary processes occurring in
deformable bodies.

2. Methods
2.1. Problem Statement and Solution Methods

The wave propagation problem in a viscoelastic thin
film is considered—a plate of variable cross-section
subordinating to the Timoshenko hypothesis. Letin an
infinite viscoelastic lamellar waveguide with a wedge
cross-section that obeys the Timoshenko
hypothesis, distributed by its waves. It is necessary to
study the change in complex natural frequencies and
waveforms depending on various waveguide parameters
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(wavenumber and geometric parameters). To obtain
differential equations of vibrations of a plate of variable
thickness, we use the principle of possible displacements

[6]:
1)

where SN is the variation of potential energy; 8T is the
variation of kinetic energy.

8(N—T) =0,

Geometric and physical-mechanical parameters,
thickness h, density p, and operator Young's modulus are
given for a plate of variable thickness 2]:

El$(®)] = Eon [#(0) — [ Ren(t —D$p(D)r], (2)

Where ¢(t) is an arbitrary time function R, (t — 7)-
is the relaxation kernel, E,,,and is the instantaneous elastic
modulus.

We assume that the integral terms in (1) are
small. Then the functions ¢(t) can be represented in the
form  ¢(t) = Y(t)e 'Rt where yp(t)-is a slowly
changing function of time, wg -is a real constant. Then
[13], we replace relations (1) with approximations of the
form

Eng = Eqj[1 = [X(wp) — i (wp)] ¢,
Where

I, (wg) = [ Ry (7) cos wg Tdr,
L5 (wg) = [ Ry (7) sin w, Tdr-

Here, the cosine and sine are Fourier images of the
relaxation kernel of the material. As an example of a
viscoelastic material, we take a three-parameter relaxation
kernelR,(t) = A e Prt/t1=%n

Let us apply the principle of possible displacements

(1) and (2), taking into account the Timoshenko
hypotheses:
—0 . = XE (W _
033 = 0; 03; = 2(1+4v) (Oxi 91)

Ul = 5,0, WO = Wi =12, (3)
where 68— angles of rotation of the normal (fig. 1), y—
correction factor that considers the distribution of shear
stresses over the thickness. In this case, the components of
the strain and stress tensors will take the form:

08,
& = —§x3 (%+0—)é)§€3i = %(Z—Z— 9i)§
1. o011 = —%J@ (3791+v%);
022 = _%3@ (% V%);
o2 = i (S +vEE):
oy =s(5r-0) =L @



I. I. Safarovetal. / IJETT, 71(1), 25-30, 2023

Substituting the expression for working on virtual
movements, we get:
066; +059]- N
SA = fh/zf %3 \ox; " ox,
95w
h/s s{ l 59)
x

L
+ pW W + px26,56, ] dSdx; = 0. (5)

Fig. 1 Normal rotation angle

Or, by introducing notation for the corresponding
moments:

6 6
Wiy = Dyl (52 + v 52

vE2) = My,

M, = Dyl (062 VOx ) I My,
Wi, = Dyl (52 +52) = [cMs, (6)
where
Dy =Dy/2, My =—Dy (662 v%),

0xq

M;; = —-D, (% +v 692)1 M, = D, (661 + %)

ox,  0xq/’
and integrating over x 3, we have

5A = —f [—i(Mi,-(sai) +i_(h53j<sw)] ds +

oM;; o(hé
+f ( Y 50, + ( 3’)5W + h63;60; —
B 0x; axJ

. ph®

éiéei) ds = 0. @

Integrating (7) in parts and equating the coefficients for
variations to zero SW and 66 inside the body and at its
boundaries, we obtain the following system of differential
equations

(_oMiz _ OMiy _ﬁ" -0
J 0%z 0x1 + 103, 120 0, =0;

h3

OM3;  OMip ph
——2_ + ho. 6,=0; (8
0xy 0x1 032 — 127 ’ ( )
L o(has32) + o(hazy)  phW —
0Xo 0x1 Iy

with natural boundary conditions:

Mlz = 0;
{ M;; =0;
h0'31 = O, X1 = 0, ll

The main alternatives to which will be the following:
0, =0;
{ 6, =0;
W=0,x,=0,1

Equations (8) are differential equations with complex
coefficients, and it can be written in the following form

oMy, OMy, sh®
- - hty; ———0
dx, dx, + it 12Ikg *
_aMzz aMlZ Sh3 "
- hty, ————80" |+
o,  ox, T a1,
a(h a(h no
k ( T32)+ ( T31)_ S W )
0x, 0x; k12
Jdx, dxy 31
_aMZZ aMlZ
11 —_—— h =
9(ht3;) 6(}1131)
J0x, Jdx;
The main variables in this system  will

be: W1, 61, &, M1z, M11, Qi=h o 31. Exclude the variables
M22 and Q from the last equations, where

= 2()ihv) (ZTM: - 62)'

Then we arrive at the following system of equations:
aw 2(1+v)

ER% 00
My, = =222 4 ppg e 0, =
22 12 97y + vMyq; Qp = hos,

ox1 XEh Qv
082 _ _&_24(1+v)M )
ox1 | 0xg ER3 12
L 00,  12(1-v?)
o p2 M,;
0x1 0% Eh? 12/
{
OM1q OMy2
OM11 _ _ M1z 9
0x1 0%z +0 - 121“ L
oMy, _ ER0%6, O0Mq1 XEh (aw ) ph3 G-
oxy 12 oxZ 0xz  2(1+v) \ox, 2 121y, 2’
0Q; XEh (ozw aez) phW
0xq - 2(14v) ()xg 0X2 I "
©)
or
Y1 Ya. Y2 ays  6(1-v)  0ys
= = = _ = —p==— _ =
0x1 y2 + xh' X1 Xy h3 Vs 0x1
[24%) 12
Tox, W76
Wa _ g 0 ( oyl) h 0%y,
oy Ao, V3 T oy, +rk o2’
Ws _ _ e, . _ B 0y
Oxl T ox Ya 127 oF2’
3
0y6 A +v)h® oy ve )+
Oxl dxz 6 0x, >
o1 ) I TR
+xh (ox V3 12r, oF2 (10)



I. I. Safarovetal. / IJETT, 71(1), 25-30, 2023

where
2(1+v)
n=W; y,=0, y3=0/v; Y4=T 1;
4(1+v) h(1 —v?)
YS:ﬁ 122 Y6 = — 5 M2
a0, 00,
M22 =-D (a—.xz'i' Va—x‘l) +VM11 - VMll =
a6
=-D(1 —v2)a—xi+vM11 =
Eh® a0,
= (1—-v3))—=+vM,, =
20—y L 7V )5y, T VML
_ ERn’06, oM
12 ox,

Finding, as before, solutions describing plane harmonic
waves propagating along the axes x;, we will look for a
solution of system (10) in the form

y1 = 21 (x1) cos(kx, — wt);
¥z = Z3(x1) cos(kx; — wt);
y3 = z3(x;) sin(kx, — wt);
V4 = 24(x1) cos(kx; — wt);
¥s = z5(x1) cos(kx; — wt);
Vo = Zg(x1) sin(kx, — wt).

(11)

Substituting relations (11) into the system of partial
differential equations (10), we obtain a system of first-
order ordinary differential equations resolved with respect
to derivatives:

zi:zz+z—”;
Z, = —VKK —6(1_\/)2 ;
2 3 3 5
' ) (12)
23 =Kz — 5 Z;
2
z, :Zh;ac3+z<2[;(h— r}f le;
3 a
25:7K26+Z4+F(0222;
P 2
x°h c
g =— - + 2Q+v)— Z3 + VKKs.
6 g |:Zh 121_’1{( ) F,TJ:| 3 KKg

The boundary conditions for this system can be written
as follows:
a) free left edge of the plate:

24=25=2=0, x1=0; (13)
b) free right edge of the record:
24 =25 = 25 =0, X1 =l (14)
¢) pinched right edge of the plate:
71=2,=23=0, x1=1ly; (15)

Thus, we formulate the spectral boundary value
problem (12-15) with respect to the parameter w,
describing the propagation of bending plane edge waves in
the Timoshenko plate.

3. Results and Analysis

For a Kirchhoff plate of variable thickness, the first
five modes with the lowest complex phase propagation
velocities C = Cr + iC;were studied, where Cy-is the
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phase velocity of wave propagation; ¢, - damping
speed. The following dimensionless shell parameters are
used in all calculation variants:

E=1p=1v=025G6 =14 =0,048;
B = 0,05 a=0,10.

The boundary conditions for the resolving system of
equations (12) of the Timoshenko plate have the form:

x=0,1; zs=25=26=0 . (16)
Then the expressions for the waveforms are
Z1=A1C0S2 7N X2; 4= A4SIN2 7N Xo;
5= A2C082 7N X2;  Zs= AsSIN2 7N Xo; 17)

73= A3SIN2 7N Xo;  Z6= AsCOS2 7N Xy;

In relations (17), the constants A;(i=1,...,6) are
determined from the solution of a linear algebraic system
of equations

A
( Az + =

=0;
xh

_UKAZ - 6 h3
xhrA, + k*(xh — hc®)A; = 0;

-[e

3
—yhicA, K2+ ph = S w?| 4, + vrdg = 0;

3
—kdg + Ay + = w?A; = 0.
(18)

The system of equations (18) is obtained by
substituting expressions (17) into the resolving system of
differential equations (12). Conditions for the determinant
of the matrix of system (18) being equal to zero is the
dispersion equation of the boundary value problem (12) -
(13).

Figure 2 shows the first three modes of the real part of
the complex phase velocities of the Timoshenko plate (b)
in comparison with the corresponding modes of the
Kirchhoff plate (a) with a Poisson's ratio of 0.25. In the
case of the Kirchhoff plate, the limiting phase velocities
are higher at modes Il and 11, and this difference increases
as the mode number increases.

The obtained discrepancies with the results of [17]
indicate the need for a more detailed study within the
framework of the general theory of elasticity. However, in
general, the numerical analysis of edge waves in
Kirchhoff-Love and Timoshenko plates allows us to
conclude that the Kirchhoff-Love hypotheses are quite
suitable for calculating wave processes in wedge-shaped
plates, including at frequencies with a wavelength of the
order of plate thickness. This discrepancy with the
classical results of the theory of Kirchhoff-Love plates of
constant thickness is explained by the phenomenon of
localization of the waveform with increasing frequency,
which occurs only in plates of variable thickness.
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h,= 0,0023h,~0,2;¥=0.25 4, Conclusion
Based on the results obtained, the following
conclusions are made:

0,63}
0,54}
045}
e As the wave number increases, the propagation
velocities of the real and imaginary parts of normal
modes in the Timoshenko wedge-shaped plate tend to
have constant values. In this case, the localization of
motionis observed near the sharp edge of the
0,09} waveguide;
- e For small wedge angles, a comparison of the results
0 3 5 7 9 obtained according to the Kirchhoff and Timoshenko
Fig. 2 Dispersion curves of phase velocities a-Kirchhoff-Love; b- theories shows a satisfactory match;

Timoshenko e Thereal and imaginary parts of the complex phase
velocity of the first mode propagation in a wedge-
shaped plate are practically independent of Poisson's
ratio (variation within 0.5 %).

0,36

0,27}

0,19}

At the same time, the relative simplicity of the
mathematical apparatus of the Kirchhoff plate theory
makes it possible to study the dispersion characteristics of
waveguides with a more complex cross-section
configuration, which is very difficult to construct in the
framework of a three-dimensional theory.

References

[1] Victor Krylov, “Acoustic Black Holes: Recent Developments in the Theory and Applications,” IEEE Transactions on Ultrasonics,
Ferroelectrics and Frequency Control, vol. 61, no. 8, pp. 1296-1306, 2014. Crossref, http://doi.org/10.1109/TUFFC.2014.3036

[2] Pooja Singhal, and Arun Kumar Gupta, “Vibration Analysis of Non-homogenous Orthotropic Visco-elastic Rectangular Plate of
Parabolically Varying Thickness with Thermal Effect,” International Journal of Acoustics and Vibration, vol. 21, no. 2, pp. 215-
228, 2016. Crossref, https://doi.org/10.20855/ijav.2016.21.2409

[3] Vilde M. V., Kaplunov Yu. D., and Kossovich L. Yu, Edge and Interface Resonance Phenomena in Elastic Bodies, Fizmatlit
Publication, Moscow, 2010.

[4] Onosakponome O.R et al., "Comparative Analysis of 1-D, 2-D And 3-D Modeling of WASTE Stabilization Pond with
Computational Fluid Dynamics,” SSRG International Journal of Civil Engineering, vol. 8, no. 6, pp. 20-27, 2021. Crossref,
https://doi.org/10.14445/23488352/1JCE-V816P103

[5] Ambartsumyan S. A, and Sarkisyan S. V, “On the Applicability of the Kirchhoff Hypothesis in the Study of Problems of
Propagation of Magnetoelastic Waves in a Plate,” NAS of Armenia, vol. 110, no. 3, pp. 235-240, 2010.

[6] D.J.O’Boy, V.V.Krylov, and V.Kralovic. “Damping of Flexural Vibrations in Rectangular Plates Using the Acoustic Black Hole
Effect,” Journal of Sound and Vibration, vol. 329, no. 22, pp. 4672-4688, 2010. Crossref, https://doi.org/10.1016/j.jsv.2010.05.019

[7] V.Denis et al., “Measurement and Modelling of the Reflection Coefficient of an Acoustic Black Hole Termination,” Journal of
Sound and Vibration, vol. 349, pp. 6779, 2015. Crossref, https://doi.org/10.1016/j.jsv.2015.03.043

[8] Liuxian Zhao, Stephen C Conlon, and Fabio Semperlotti, “An Experimental Study of Vibration Based Energy Harvesting in
Dynamically Tailored Structures with Embedded Acoustic Black Holes,” Smart Materials and Structures, vol. 24, 2015. Crossref,
https://doi.org/10.1088/0964-1726/24/6/065039

[9] Pogosyan N. D, Sanoyan Yu. G, and Terzyan S. A, “Propagation of Shear Waves in a Two-Layer Medium in an Antiplane Setting,”
vol. 64, no. 4, pp. 12-16. 2013.

[10] M. S. Bhandiwad, and B. M. Dodamani, "Porous Baffle Performance in a Sloshing Tank," SSRG International Journal of Civil
Engineering, vol. 9, no. 12, pp. 1-6, 2022. Crossref, https://doi.org/10.14445/23488352/1JCE-V9112P101

[11] Tolipov Kh. B, “Surface Acoustic Waves in a Wedge-Shaped Elastic Medium,” ZhTF, no. 9, pp. 139-142, 2012.

[12] Moiseenko I. A, and Troyan R. R, “Normal Waves in a Transversally Isotropic Cylindrical Waveguide with a Cross Section in the
form of a Ring Sector,” no. 36, pp. 127-133, 2006.

[13] Subir Kumar Sharma et al., "Analysis of Dynamic Response of a Single Concrete Pile Subjected to Static Vertical Load and
Ground Acceleration Simultaneously,” SSRG International Journal of Civil Engineering, vol. 9, no. 2, pp. 58-65, 2022. Crossref,
https://doi.org/10.14445/23488352/1JCE-V912P106

[14] Safarov 1. 1., and Boltaev Z. I, “Propagation of Harmonic Waves in a Plate of Variable Thickness, News of Higher Educational
Institutions in the Volga Region,” Physical and Mathematical Sciences, vol. 20, no. 4, pp. 24-345, 2011.

[15] Safarov 1. 1., and Boltaev Z. I, “Propagation of Harmonic Waves of a Cylindrical Panel Taking Into Account the Viscoelastic
Properties of the Material,” Tosh DTU Habarlari, no.1-2, pp. 7-12, 2011.

29


http://doi.org/10.1109/TUFFC.2014.3036
https://doi.org/10.20855/ijav.2016.21.2409
https://doi.org/10.1016/j.jsv.2015.03.043
https://doi.org/10.14445/23488352/IJCE-V9I12P101

I. I. Safarovetal. / IJETT, 71(1), 25-30, 2023

[16] Nishant Kumar, Saurav Upadhaya, and Ashish Rohilla, "Evaluation of the turbulence models for the simulation of the flow over a
Tsentralniy Aerogidrodinamicheskey institut (TSAGI)-12% Airfoil,"” SSRG International Journal of Mechanical Engineering, vol.
4,no. 1, pp. 18-28, 2017. Crossref, https://doi.org/10.14445/23488360/1JME-V411P104

[17] Martinchek G, “Dynamic Viscoelasticity in Technical Application,” Progress in Mechanics, vol. 6, no. 3/4, pp. 1-5, 2000.

[18] Vikhyati J. Zaveri, Snehal V. Mevada, and Darshana R. Bhatt, "Seismic Vibration Control of Non-Structural Elements Using
Dampers," SSRG International Journal of Civil Engineering, vol. 8, no. 5, pp. 21-34, 2021. Crossref,
https://doi.org/10.14445/23488352/1JCE-V8I5P103

[19] Conlon S C, Fahnline J B, and Semperlotti F, “Numerical Analysis of the Vibroacoustic Properties of Plates with Embedded Grids
of Acoustic Black Holes,” Journal of the Acoustical Society of America, vol. 137, pp. 447-457, 2015.

[20] Olga Hachay, and Andrey Khachay, "Mathematical Models of Active Acoustic Impact on Diffusion in Reservoirs with Oil
Hierarchical Inclusions and Additional Influence of Turbulence,” SSRG International Journal of Geoinformatics and Geological
Science, vol. 8, no. 3, pp. 7-11, 2021. Crossref, https://doi.org/10.14445/23939206/1JGGS-V8I3P102

[21] A. A. Kleshchev, F. F. Legusha, and V. L. Maslov, Wave Processes in Solids, Monograph. St. Petersburg Publication, 2010. (in
Russian)

[22] G. L. Zavorokhin, and A. I. Nazarov, “On Elastic Waves in a Wedge,” Notes of Scientific Seminars POMI, vol. 380, pp. 45-52,
2010. Crossref, https://doi.org/10.1007/s10958-011-0380-0

[23] Murav'eva O. V, and Murashov S. A, “The use of Torsional Waves in Detecting Operational Defects in Pump Rods and
Tubing,” Bulletin of Izhevsk State Technical University, vol. 2, no. 50, pp. 149-154, 2011

[24] Safarov 1. 1., Teshaev M. Kh., and Boltaev Z. I, “Wave Processes in a Mechanical Waveguide, Basics, Concepts, and
Methods,” LAP, Lambert Academic Publishing, Germany, 2012.

30


https://doi.org/10.1007/s10958-011-0380-0

